HOCHSCHILD HOMOLOGY RELATIVE TO A FAMILY OF GROUPS
ANDREW NICAS* AND DAVID ROSENTHAL

ABSTRACT. We define the Hochschild homology groups of a group ring ZG relative to a
family of subgroups F of G. These groups are the homology groups of a space which can
be described as a homotopy colimit, or as a configuration space, or, in the case F is the
family of finite subgroups of G, as a space constructed from stratum preserving paths.
An explicit calculation is made in the case G is the infinite dihedral group.

INTRODUCTION

The Hochschild homology of an associative, unital ring A with coefficients in an A-A
bimodule M is defined via homological algebra by HH, (A, M) := Tor2®4™ (M, A) where
A°P is the opposite ring of A. In the case A = ZG, the integral group ring of a discrete
group G, and M = ZG, the Hochschild homology groups HH,(ZG) := HH.(ZG,ZGQG)
have the following homotopy theoretic description. The cyclic bar construction associates
to a group G a simplicial set N¥°(G) whose homology is HH,(ZG). Viewing G as a
category, GG, consisting of a single object and with morphisms identified with the elements
of G, consider the functor N from G to the category of sets given by N(x) = G and, for a
morphism g € G = Morg(*, *), the map N(g) : G — G is conjugation, sending = to g~'zg.
The geometric realization of N®¥¢(G) is homotopy equivalent to hocolim N, the homotopy
colimit of N. There is also a natural homotopy equivalence |[N¥¢(G)| — L(BG) (see [12,
Theorem 7.3.11]) where BG is the classifying space of G and £(BG) is the free loop space
of BG, i.e., the space of continuous maps of the circle into BG. In particular, there are
isomorphisms:

HH.(ZG) = H.(hocolim N) = H,(L(BG)).
A family of subgroups of a group G is a non-empty collection of subgroups of GG that is

closed under conjugation and finite intersections. In this paper we define the Hochschild
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homology of a group ring ZG relative to a family of subgroups F of G, denoted HH? (ZG).
This is accomplished at the level of spaces. We define a functor Ng : Or(G,F) — CGH
where Or(G,F) is the orbit category of G with respect to F and CGH is the category
of compactly generated Hausdorff spaces. By definition, HH/ (ZG) := H,(hocolim N).
If F is the trivial family, i.e., contains only the trivial group, then N = Nz and so
HH? (ZG) = HH,(ZG).

For a discrete group G and any family F, let ExG be a universal space for G-actions
with isotropy in F. That is, ExG is a G-CW complex whose isotropy groups belong to
F and for every H in F, the fixed point set (ExG) is contractible. Given a G-space X,
let F'(X) be the configuration space of pairs of points in X which lie on the same G-orbit.
This space inherits a G-action via restriction of the diagonal action of G on X x X.

Suppose that G is countable and that the family F of subgroups is also countable.
Theorem A. There is a natural homotopy equivalence hocolim Ng ~ G\ F(E£G) .

Indeed, this homotopy equivalence is a homeomorphism for an appropriate model of the
homotopy colimit (see Theorem 3.7 and Corollary 3.8).

Specializing to the case where F is the family of finite subgroups of G, we write
EG := EzG and BG := G\EG. Let P (BG) denote the space of marked stratum preserving
paths in BG consisting of stratum preserving paths in BG' (with the orbit type partition)
whose endpoints are “marked” by an orbit of the diagonal action of G on EG x EG. We
show (see Theorem 4.26(i)):

Theorem B. There is a natural homotopy equivalence hocolim Nz ~ PL(BG).

Theorem B is a consequence of Theorem A and a homotopy equivalence G\ F(X) ~
P3(G\X) which is valid for any proper G-CW complex X (see Theorem 4.20). The
Covering Homotopy Theorem of Palais (Theorem 4.7) plays a key role in the proof of the
latter result.

If EG satisfies a certain isovariant homotopy theoretic condition then P (BG) is ho-
motopy equivalent to a subspace L3 (BG) C P (BG) which we call the marked stratified

free loop space of BG (see Theorem 4.26(ii)). We show that this condition is satisfied for

appropriate models of EG in the cases:

(1) G is torsion free (see Remark 4.25); note that in this case EG = EG, a universal

space for free proper G-actions,
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(2) G belongs to a particular class of groups which includes the infinite dihedral group
and hyperbolic or euclidean triangle groups (see Examples 5.5 and 5.6),

(3) finite products of such groups (see Remark 5.7).
In the case G is torsion free, L (BG) is homeomorphic to L(BG) by Proposition

4.22 and so our result can be viewed as a generalization of the homotopy equivalence
INY(G)| ~ L(BG).

There is an equivariant map EG — EG which is unique up to equivariant homotopy. This
map induces a map G\ F(EG) — G\ F(EG), equivalently, a map hocolim N — hocolim N,
where F is the family of finite subgroups of G. We explicitly compute this map in the case
where G = D, the infinite dihedral group. In particular, this yields a computation of the
homomorphism HH,(ZD,,) — HH (ZD..); see Section 6.

The paper is organized as follows. In Section 1 we review some aspects of the theory
of homotopy colimits. The functor Nz : Or(G,F) — CGH is defined in Section 2 thus
yielding the space M(G, F) := hocolim Nz which we call the Hochschild complex of G with
respect to the family of subgroups F. In Section 3 we study the configuration space F'(X)
in a general context and give an alternative description of (G, F) as the orbit space
G\F(E£G). The homotopy equivalence G\F(X) ~ Pg(G\X), for any proper G-CW
complex X, is established in Section 4. We also show in this section that if EG satisfies a
certain isovariant homotopy theoretic condition then P (BG) is homotopy equivalent to
the subspace L (BG) C P (BG). In Section 5, we show that this condition is satisfied
for a class of groups which includes the infinite dihedral group and hyperbolic or euclidean
triangle groups. In Section 6 we analyze the map G\F(EG) — G\F(EG), and compute
it explicitly in the case G = D, thereby obtaining a computation of the homomorphism
HH,(ZDy) — HHY (ZD..,).

1. HomoTorYy COLIMITS AND SPACES OVER A CATEGORY

In this section we provide some categorical preliminaries, following Davis and Liick [7],
that will be used in Section 2 to define a Hochschild complex associated to a family of
subgroups. Throughout Sections 1 and 2 we work in the category of compactly generated
Hausdorff spaces, denoted by CGH. !

1Given a Hausdorff space Y, the associated compactly generated space, KY , is the space with the same

underlying set and with the topology defined as follows: a closed set of kY is a set that meets each compact
set of Y in a closed set. Y is an object of CGH if and only if Y = kY, i.e., Y is compactly generated. The
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Let C be a small category. A covariant (contravariant) C-space, is a covariant (con-
travariant) functor from C to CGH. If X is a contravariant C-space and Y is a covariant

C-space, then their tensor product is defined by

XacY= [ X(©)xY(C)/~

Ceobj(C)

where ~ is the equivalence relation generated by

(X(9)(2),y) ~ (z,Y()(y))

for all ¢ € More(C, D), z € X(D) and y € Y/(C).

A map of C-spaces is a natural transformation of functors. Given a C-space X and a
topological space Z, let X x Z be the C-space defined by (X x Z)(C) = X(C) x Z, where
C' is an object in C. Two maps of C-spaces, o, 3 : X — X', are C-homotopic if there is a
natural transformation H : X x [0,1] — X' such that H|xyfy = o and H|xxqy; = 5. A
map « : X — X' is a C-homotopy equivalence if there is a map of C-spaces 3 : X’ — X such
that o is C-homotopic to idx: and Sa is C-homotopic to idx. The map o : X — X' is a
weak C-homotopy equivalence if for every object C' in C, the map a(C) : X(C) — X'(C)
is an ordinary weak homotopy equivalence. Two C-spaces X and X' are C-homeomorphic
if there are maps o : X — X’ and o' : X’ — X such that o/a = idx and aa’ = idx,. If
X and X' are C-homeomorphic contravariant C-spaces and Y and Y’ are C-homeomorphic
covariant C-spaces, then X ®¢ Y is homeomorphic to X' ®. Y.

A contravariant free C-CW complex X is a contravariant C-space X together with a
filtration

l=X,cXpcXjc-—-CcX,Cc--CcX=[]JX,
n>0
such that X = colim,, .. X,, and for any n > 0, the n-skeleton, X,, is obtained from

the (n — 1)-skeleton X,,_; by attaching free contravariant C — n-cells. That is, there is a

product of two spaces Y, Z in CGH is defined by Y x Z := k(Y x Z) where Y X Z on the right side has
the product topology. Function space topologies in CGH are defined by applying k to the compact-open
topology. In Sections 3 and 4 we work in the category TOP of all topological spaces and we will have
occasion to compare the topologies on Y and kY (see Proposition 3.6).
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pushout of C-spaces of the form

Hieln MOI‘c(—, Cz) SO I — n—1

[ |

[L;e;. More(—,Ci) x D" —~ X,

where [, is an indexing set and Cj; is an object in C. A covariant free C-CW complex
is defined analogously, the only differences being that the C-space is covariant and the
C-space Mor¢(C;, —) is used in the pushout diagram instead of More(—, C;).

A free C-CW complex should be thought of as a generalization of a free G-CW complex.
The two notions coincide if C is the category associated to the group G, i.e., the category
with one object and one morphism for every element of G.

Let EC be a contravariant free C-CW complex such that EC(C) is contractible for every
object C of C. Such a C-space always exists and is unique up to homotopy type [7, Section
3]. One particular example is defined as follows.

Let BP™C be the bar construction of the classifying space of C, i.e., B*C = |N.C|, the
geometric realization of the nerve of C. Let C be an object in C. The undercategory, C' | C,
is the category whose objects are pairs (f, D), where f : C'— D is a morphism in C, and
whose morphisms, p : (f, D) — (f’, D’), consist of a morphism p : D — D’ in C such that
po f = f'. Notice that a morphism ¢ : C' — C’ induces a functor ¢* : (C' | C) — (C' | C)
defined by ¢*(f,D) = (f o ¢, D). Let EP*C : C — CGH be the contravariant functor
defined by

Ebarc(c) — Bbar(c l C)
Ebarc<¢ O = C/) — Bbar(gb*)

This is a model for EC. Furthermore, EP*C ®¢ * is homeomorphic to B"*C [7, Section 3].

Lemma 1.1. [7, Lemma 1.9] Let F': D — C be a covariant functor, Z a covariant D-space
and X a contravariant C-space. Let F.Z be the covariant C-space More(F(—p), —c) ®p Z,

where —c denotes the variable in C and —p denotes the variable in D. Then
X®cF.Z — (XoF)®pZ

1s a homeomorphism.
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Proof. The map e : X ®¢ (Morc(F(—p), —c) ®p Z)—>(X o F') ®p Z is defined by

e[ [£,9]]) = ).y,

where z € X(C), y € Z(D) and f € Mor¢(F (D ) ) for objects C'in C and D in D. The
inverse is given by mapping [w, 2] € (X o F)®p Z to [w, [idp(p), 2]], where w € (X o F)(D)
and z € Z(D). O

Definition 1.2. Let Y be a covariant C-space. Then
hocolim " := EM'C ®c Y.

A map, a: Y — Y’ of C-spaces induces a map «, : hocolim¢ Y — hocolime Y. If * is

the C-space that sends every object to a point, then
hocglim * = EP¥C @0 « = BP¥C.

Therefore, the collapse map, Y — *, induces a map 7 : hocolime Y — BP*C.

There are several well known constructions for the homotopy colimit, each yielding the
same space up to homotopy equivalence (see Talbert [22, Theorem 1.2]). In particular,
using the transport category, 7c(Y'), one can define the homotopy colimit of Y to be
BPar7.(Y). Recall that an object of Z¢(Y) is a pair (C,x), where C is an object of C and
x € Y(C), and a morphism ¢ : (C,z) — (C’,2) is a morphism ¢ : C'— C” in C such that
Y(¢)(x) = 2'. The following lemma shows that B**7:(Y’) is not only homotopy equivalent

to our definition of the homotopy colimit of Y, but is in fact homeomorphic to hocolime Y.

Lemma 1.3. Let Y be a covariant C-space. Then EP*To(Y) Q1.(y) * is homeomorphic to
EPC @0 Y.

Proof. By Lemma 1.1, there is a homeomorphism
EPC ®c m.(x) — (EC o) ®r.(v) *

where 7 : 7¢(Y) — C is the projection functor which sends an object (C,z) to C. We
will show that E"*C ®c m,(*) is homeomorphic to E"*C @¢ Y and (EPC o 1) @7,y * is
homeomorphic to E**7¢(Y) Q@ (v) *

Let C be an object of C. A point in 7,(x)(C') = More(n(—), C) ®@7.(v) * is represented
by a morphism ¢ : 7(D,z) — C'in C, where (D, x) is an object of 7¢(Y"). Define a natural
transformation 3 : m.(x) — Y by B(C)([¢]) = Y ()(x). The inverse, 371 : Y — m,(x), is
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defined by 871(C)(y) = [id¢|, where y € Y(C) and id¢ : 7(C,y) — C is the identity. This
induces a homeomorphism EP*C ®¢ . (x) — EP*C ®¢ Y.

Now let (C, ) be an object of Z¢(Y). Then (EP*Cor)(C,z) = EP*C(C) = B*>(C | C),
and EP¥ 7 (Y)(C, z) = B*((C,z) | 7¢(Y)). For each (C,x), there is an isomorphism of
categories Fioq) : C | C — (C,z) | Te(Y) given by Fiou(f, A) = (f, (A, Y (f)())), where
f:C—=AinC. If¢o:(f, A) — (f,A') is a morphism in C | C, then Fio)(¢) = ¢ :
(f, (A,Y(f)(a:))) — (f’, (A’,Y(f’)(a:))) is a morphism in (C,x) | Z¢(Y) since f' = ¢ o f.
The inverse of F' is the obvious one. Define the natural transformation o : EP*C o 7 —
EP7o(Y) by a(C,z) = BP (Foy) : B (C | €) — BP™((C,z) | 7¢(Y)), and its inverse
by a7 1(C,z) = Bbar(F(’Cfm)). This induces a homeomorphism (E"C o 1) @z, (v) * —
E7o(Y) @z vy *. O

If H: D — C is a covariant functor and Y is a covariant C-space, then there is a
functor H : Tp(Y o H) — To(Y) given by H(D,z) = (H(D),z). This induces a map
Bb*r (H) : B> 7T5(Y o H) — B*7;(Y). The functor H also induces a map H : E*'D ®p,
Y o H — EPC ®:Y given by H([z,y]) = [B**(Hp)(x),y], where € B*(D | D),
y€Y(H(D))and Hp: (D | D) — (H(D) | C) is the obvious functor induced by H. The
maps B*(H) and H are equivalent via the homeomorphism from Lemma 1.3. Tt is also
straightforward to check that the composition of the homeomorphism from Lemma 1.3
with BPar () : BPr7:(Y') — BP*C is equal to 7 : hocolim¢e Y — BP#C.

The transport category definition of the homotopy colimit is employed to prove the

following useful lemma.

Lemma 1.4. Let H : D — C be a covariant functor and Y be a covariant C-space. Then

(1) hocolimp Y o H A, hocolim¢ Y
\L Bbar(H) \L
Bbarp Bbarc

s a pullback diagram.

Proof. Form the pullback diagram
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in the category of small categories. The category P(H, ) is a subcategory of Z¢(Y) x D,
where an object ((C,x), D) satisfies H(D) = C, and a morphism («, ) : ((C,z),D) —
((C', "), D" satisfies a = H(B). If ((C,z),D) is an object of P(H, ), then (C,z) is an
object of Tp(Y o H), and if («a, ) : ((C,z),D) — ((C',2'), D) is a morphism of P(H, ),
then 5 : (D,z) — (D’,2') is a morphism of 7p(Y o H) since (Y o H)(5)(z) = F(a)(x) = 2.
Hence, we have a functor from P(H, ) to the transport category 7p(Y o H) with inverse
given by (D, ) (H(D),), D) and § : (D, z) — (D',') v (H(3), B) : (H(D), ), D) —
(H(D'),z'), D'). Therefore, we have the pullback diagram

To(Y o H) = T(Y)
D C
Applying B” produces the pullback diagram

H

B2 (Tp(Y o H)) — B (Zc(Y))

i l

BbarD Bbarc

The result now follows from two applications of Lemma 1.3. 0

2. THE ORBIT CATEGORY AND THE HOCHSCHILD COMPLEX

Let G be a discrete group and F a family of subgroups of G that is closed under
conjugation and finite intersections. Let O = Or(G, F) denote the orbit category of G with
respect to F. The objects of O are the homogeneous spaces G/H, with H € F, considered
as left G-sets. Morphisms are all G-equivariant maps. Therefore, Moro(G/H,G/K) =
{ry | g*Hg < K}, where r, is right multiplication by g, i.e., 7y(uH) = (ug)H for uH €
G/H. If F is the family of all subgroups of G, then O is called the orbit category. If F is
taken to be the trivial family, then O is the usual category associated to the group G.

Definition 2.1 (Hochschild complex of a group associated to a family of subgroups).
Let O x O be the category whose objects are ordered pairs of objects in O and whose
morphisms are ordered pairs of morphisms in O. Let Ad : O x O — CGH be the covariant

functor defined by
Ad(G/H,,G/H,) = H;\G/H,
Ad(rg,,rg,) (HiuHy) = Kigi 'ugs Ky,
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where Hi\G/H, is the set of (Hy, Hy) double cosets in G with the discrete topology and
(rgs7ge) 1 (G/Hy,G/Hy) — (G/K;,G/K3) is a morphism in O x O, and let Ny = Ado A,
where A : O — O x O is the diagonal functor. Define

NG, F)= hocglim Nr.
We call (G, F) the Hochschild complex of G associated to the family F.

Remark 2.2. More generally, Nr can be defined in the case G is a locally compact topo-
logical group and the members of the family of subgroups F are closed subgroups of G by
giving H,\G/H; the quotient topology.

If F is the trivial family, {1}, then 91(G,{1}) is homotopy equivalent to |[N%°(G)|,
the geometric realization of the cyclic bar construction ([12, 7.3.10]); indeed, using the
2-sided bar construction as a model for the homotopy colimit of Ny yields a complex
homeomorphic to |[N¥¢(G)|. We refer to M(G, {1}) as the classical Hochschild complez of
G.

Definition 2.3. The Hochschild homology of a group ring ZG relative to a family of
subgroups F of G is defined to be

HH?(2G) .= H, (NG, F); 7).

Using diagram (1) with Ad and Nz, we obtain the following pullback diagram
(2) N(G, F) — hocolimpyp Ad

i Bbar(A) i

Bhar® BP (O x O)

Lemma 2.4. Let A : O — O x O denote the diagonal functor. Then hocolimpyp Ad s
homeomorphic to (EP¥ (O x O) o A) ®¢ *.

Proof. Let T : O x O — CGH denote the covariant functor

Moroxo(A(—0), —oxo) ®o *.
Note that Moro(G/L,G/M) = {r, | go'Lg < M} = {gM | g'Lg < M}. Using this

identification, let a : Ad — T be the natural transformation defined by

a(H\G/K)(HgK) = [r1,74],
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where (r1,7,) € Moroxo((G/1,G/1),(G/H,G/K)). The inverse of « is given by
o (G/H,G/K)([rg,, 7)) = Hgy ' 2 K,

where (rg,,7,4,) € Moroxo((G/L,G/L),(G/H,G/K)) and G/L is an object in O. Thus,
Ad is naturally equivalent to T'. Therefore,

EP(O x 0) ®oxo Ad == EP (O x 0) ®oxo T —= (E'*(0 x 0) 0 A) ®0 *,

where e is the homeomorphism from Lemma 1.1. O

Definition 2.5. Let G be a discrete group and F be a family of subgroups of G. A
universal space for G-actions with isotropy in F is a G-CW complex, ExG, whose isotropy
groups belong to F and for every H in F, the fixed point set (ExG)¥ is contractible. Such

a space is unique up to G-equivariant homotopy equivalence [14].

Davis and Liick [7, Lemma 7.6] showed that given any model for EO, EO ®0 V is a

universal G-space with isotropy in F, where V : O — CGH is the covariant functor that
sends G/H to itself and r, : G/H — G/K to itself.

Theorem 2.6. Let G be a discrete group and F a family of subgroups of G. Then
‘ﬁ(G,f) e G\(gj-‘G X g}‘G)

| =

G\ErG —2= G\EFG x G\EFG

is a pullback diagram, where EG = EP* O ®@p V, p : E£G — G\EFG is the orbit map,
p X p is the map induced by p X p, and A is the diagonal map.

Proof. There is a homeomorphism,
£ (EP(O x 0)oA)®@p * — G\(E£G x E£G),
defined by f([(z,y)]) = q([z,eK], [y, eK]), where
(z,y) € B (G/K | O) x B"(G/K | O) = (E"*(O x O) o A)(G/K)

and q : ExG x ExG — G\(ExG x ExG) is the orbit map. The inverse of f is given
by [~ (a([z, 1 K], [y 92 K])) = [B* (€5, 1) (%), B (€5,5) (v)], where eg : G/1 — G/K
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is right multiplication by g;. Here we have identified BP*(C x D) with BP*C x BPD,

Similarly, there is a homeomorphism
fiBMO 2 EO ®p x — G\ExG,

defined by f([z]) = p(|z,eK]), where x € B**(G/K | O) and p : ££G — G\ExG is the
orbit map. The inverse of f is given by (f) ™ (p([z, gK])) = B (€} x)(2)]-

Using the homeomorphism from Lemma 2.4, we get the commutative diagram

hocolimoo Ad 22 (BY (0 x 0) 0 A) @0 * —— G\(E£G x EG)

T -

BY" (O x O) ————= BP0 x BP0 —— = G\ExG x G\ExG

Fxf

where (p x p)(q(x,y)) = (p(x), p(y)). Since B**(A) composed with the homeomorphism
BP (O x O) — BP0 x BP*(O is just the diagonal map A : B**O — BPrO x BP>*(,
diagram (2) completes the proof. O

Remark 2.7. When F is the trivial family, the main diagram of Theorem 2.6 becomes:

N(G, {1}) —= G\(EG x EG)

LI

BG BG x BG

Furthermore, in this case, the map p x p is a fibration from which it follows that the above
square is also a homotopy pullback diagram. This observation is part of the folklore of
the subject; indeed, one method of establishing the homotopy equivalence |[N%¥¢(G)| =~
L(BG) involves replacing p X p with the fibration BG! — BG x BG given by evaluation
at endpoints where BG' is the space of paths in BG. For a general family F, Theorem 2.6
is, to our knowledge, new and we note that the map p X p in Theorem 2.6 is typically not

a fibration.

If 7/ C F, then there is an inclusion functor ¢ : Or(G,F') — Or(G,F). Clearly,
Nz = Ng o, which induces a map N(G, F') — N(G,F). This map is examined in

Section 6 in the case when F’ is the trivial family and F is the family of finite subgroups.
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3. THE CONFIGURATION SPACE F(X)

In this section we investigate, in a general context, some basic properties of the config-
uration space, F'(X), of pairs of points in a G-space X which lie on the same G-orbit.

Let G be a topological group. The category of left G-spaces, denoted by o TOP, is
the category whose objects are left GG-spaces, i.e., topological spaces X together with a
continuous left G-action G x X — X written as (g,x) — gz, and whose morphisms are
continuous equivariant maps f : X — Y. Henceforth, we abbreviate “left G-space” to
“G-space”.

Given a G-space X, define Ax : GXX — XxX by Ax(g,z) := (z, gx) for (9,x) € GXX.

Note that Ax is continuous and G-equivariant where G x X is given the left G' action
(3) h(g,z) := (hgh™', hx) for h,g € G and z € X

and X x X is given the diagonal G-action. Hence the image of Ay is a G-invariant subspace
of X x X.

Definition 3.1. Define F' : ¢ TOP — ¢ TOP on an object X by F(X) := image(Ax) with
the left G-action inherited from diagonal G-action on X x X. If f : X — Y is equivariant,

i.e., a morphism in g TOP, then the diagram

GxX -2, XxX

idg XfJ/ J/fxf

GxY -2, yxy
is commutative and so f X f restricts to an equivariant map F(f) : F(X)—F(Y). Clearly,
F(idx) = idpx) and F(f1f2) = F(f1)F(f2) for composable morphisms fi and f, i.e., F

is a functor.

Note that F'(X) is the subspace of X x X consisting of those pairs (z,y) such that z
and y lie in the same orbit of the G-action.

There is an evident natural isomorphism F(X) x I = F(X x I), where [ is the unit
interval with the trivial G-action, given by ((z,v),t) — ((z,1), (y,t)) for (z,y) € F(X)
andte . If H: X x I — Y is an equivariant homotopy then

FX)xT —=— F(x x1) 20,y
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is an equivariant homotopy from F(Hy) to F'(Hy), where H, := H(—,t). Hence F factors
through the homotopy category of ¢ TOP with the following consequence.

Proposition 3.2. If the map f : X — Y is an equivariant homotopy equivalence then

F(f): F(X) — F(Y) is an equivariant homotopy equivalence. O

Definition 3.3. In the category TOP of all topological spaces we use the following notation
for the standard pullback construction. Given maps e : A — Z and f : B — Z define
E(e, f) :=={(z,y) € Ax B | e(x) = f(y)} topologized as a subspace of A x B with the
product topology. The maps p; : E(e, f) — A and py : E(e, f) — B are given, respectively,
by the restriction of the projections A x B — A and A x B — B. The square

N

E(Qf)LB
|7
A —= Z

is a pullback diagram in TOP which we refer to as a standard pullback diagram.

Proposition 3.4. There is a pullback diagram
F(X) —/— X x X
1 e
G\X —25 G\X x G\X
where 1 is the inclusion F(X) = image(Ax) C X x X, p: X — G\X is the orbit map, A
is the diagonal map and q : F(X) — G\X s given by q((x,y)) = p(y) for (z,y) € F(X).

Proof. The standard pullback construction yields

E(A,px p) = {(p(x), 21, 72) € (G\X) x X x X | p(x) = p(x1) = p(2)}.

The map j : F(X) — E(A, p x p) given by j((z,y)) = (p(2),z,y) is a homeomorphism
with inverse (p(z),z,y) — (x,y). Also p1j = q and pej = ¢ where p; : E(A,px p) — G\X
and ps 1 E(A,p x p) — X x X are the restrictions of the corresponding projections. [

The space G\ F(X) can also be described as a pullback as follows:
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Theorem 3.5. There is a pullback diagram
G\F(X) —— G\(X x X)
| |7
G\X —25 G\X xG\X
where 7, ¢ and p X p are induced by i, q¢ and p X p respectively (as in Proposition 3.4).

Proof. The pullback diagram of Proposition 3.4 factors as:
F(X) —— XxX

/| ¥

E(Apxp) —— G\(X x X)

.| &

G\X —25 G\X xG\X
where p' : X x X — G\(X x X) is the orbit map, ¢'((z,y)) = (p(x), p'(x,y)) for (z,y) €
F(X) and E(A, p X p) together with the maps p1, ps is the standard pullback construction.
The outer square in the above diagram is a pullback by Proposition 3.4 and the lower square

is a pullback by construction. It follows that the upper square is a pullback. By Lemma
3.18, ¢’ induces a homeomorphism G\F(X) = E(A,p X p). O

A Hausdorff space X is compactly generated if a set A C X is closed if and only if it

meets each compact set of X in a closed set.

Proposition 3.6. Suppose that G is a countable discrete group and that X is a count-
able G-CW complex i.e., X has countably many G-cells. Then F(X) and G\F(X) are

compactly generated Hausdorff spaces.

Proof. Milnor showed that the product of two countable CW complexes is a CW complex,
[18, Lemma 2.1]. Since X and G\ X are countable CW complexes, G\ X x X x X is also a
CW complex and thus compactly generated. By Proposition 3.4, F'(X) is homeomorphic
to a closed subset of of this space and hence must be compactly generated. The space
X x X is a CW complex and so G\ (X x X) is also a CW complex because the diagonal
G-action on X x X is cellular. By Theorem 3.5, G\ F(X) is homeomorphic to a closed
subset of the CW complex G\ X x G\(X x X) and hence must compactly generated. [
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Recall that for a discrete group G and family of subgroups F, we denote the bar con-
struction model for the universal space for G-actions with isotropy in F by ExG (see
Theorem 2.6).

Theorem 3.7. Suppose that G is a countable discrete group and that F is a countable
family of subgroups. Then there is a natural homeomorphism N(G,F) = G\F(ExG).

Proof. By Theorem 3.5, there is a pullback diagram in TOP:

l [

G\erG  —2 G\ExG x G\ExG
Since GG and F are countable, ££G is a countable CW complex. All the spaces appearing

the above diagram are compactly generated by Proposition 3.6 and its proof. It follows that
this diagram is also a pullback diagram in the category of compactly generated Hausdorft

spaces. A comparison with the pullback diagram in the statement of Theorem 2.6 yields
a natural homeomorphism N(G, F) = G\ F(E£QG). O

Corollary 3.8. Suppose that G is a countable discrete group and that F is a countable
family of subgroups. Let ExG be any G-CW model for the universal space for G-actions
with isotropy in F. Then there is a natural homotopy equivalence N(G, F) ~ G\F(ExG).

Proof. There is an equivariant homotopy equivalence J : £G — ExG, which is unique
up to equivariant homotopy. By Proposition 3.2, J induces a homotopy equivalence
G\F(ExG) — G\F(ExG). Composition with the homeomorphism of Theorem 3.7 yields

the conclusion. O

Note that in Corollary 3.8, “natural” means that for an inclusion F' C F of families of

subgroups of GG, the corresponding square diagram is homotopy commutative.

Recall that a continuous map f : Y — Z is proper if for any topological space W
fxidw : Y xW — Z x W is a closed map (equivalently, f is a closed map with quasi-
compact fibers, [4, I, 10.2, Theorem 1(b)]). There are several distinct notions of a “proper
action” of a topological group on a topological space; see [2] for their comparison. We will
use the following definition ([4, III, 4.1, Definition 1]).
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Definition 3.9. A left action of a topological group G on a topological space X is proper
provided the map Ax : G x X — X x X is proper in which case we say that X is a proper
G-space.

Proposition 3.10. Suppose that the topological group G acts freely and properly on the
G-space X. Then Ax : G x X — F(X) is a homeomorphism. Consequently, Ax induces
a homeomorphism Ax : G\(G x X) — G\F(X) where the G-action on G x X is given by

(3).

Proof. Clearly, Ax is a continuous surjection. Since the G-action is proper, Ay is a closed
map. If Ax(g1,71) = Ax (g2, z2) then x; = x5 and g1x1 = gox2. Since the G-action is free,
g1 = go and so Ay is injective. It follows that Ay is a homeomorphism. O

Let conj(G) denote the set of conjugacy classes of the group G. For g € G, let C(g) €
conj(G) denote the conjugacy class of g and let Z(g) := {h € G | hg = gh} denote the

centralizer of g.

Proposition 3.11. Suppose that G is a discrete group acting on a topological space X.
Then there is a homeomorphism
G\(G x X) = ]_[ Z(g\X
C(g)€conj(G)

where the right side of the isomorphism is a disjoint topological sum.

Proof. The space G x X is the disjoint union of the G-invariant subspaces C(g) x X,
C(g) € conj(G). Since G is discrete, C'(g) x X is both open and closed in G x X. It follows
that G\ (G x X) is the disjoint topological sum of the spaces G\ (C(g) x X), C(g) € conj(G).
The map G\ (C(g) x X) — Z(g)\X which takes the G-orbit of (hgh™', z) to the Z(g)-orbit
of h~'z is a homeomorphism whose inverse is the map which takes the Z(g)-orbit of x € X
to the G-orbit of (g, x). O

Combining Propositions 3.10 and 3.11 yields:

Corollary 3.12. Suppose that G is a discrete group which acts freely and properly on a
topological space X. Then there is a homeomorphism
AFX) = [ Z\x
C(g)€conj(G)

where the right side of the isomorphism is a disjoint topological sum. O
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Remark 3.13. A discrete group G acts freely and properly on a space X if and only if G\ X
is Hausdorff and the orbit map p: X — G\ X is a covering projection.

As a consequence of Corollary 3.12, if a non-trivial discrete group G acts freely and
properly on a non-empty topological space X then G\ F(X) is never connected. However,
if G acts properly but not freely then F'(X), hence also G\F(X), can be connected; see
Examples 5.5 and 5.6.

Definition 3.14. Let X be a G-space. The subspace F'(X )y C F(X) is defined to be the
union of the connected components of F'(X) which meet the diagonal of X x X, i.e., the
subspace A(X) = {(z,z) € X x X}. In particular, if X is connected then F(X) is the
connected component of F'(X) containing A(X).

Proposition 3.15. F(X), is a G-invariant subspace of FI(X).

Proof. Let C be a component of F(X) such that CNA(X) # 0. Left translation by g € G,
L, : F(X) — F(X), is a homeomorphism and so L,(C) is also a component of F(X).
0+ L,(CNAX)) =L,(C)NA(X) and so L,(C) C F(X)o. O

Remark 3.16. Suppose that the discrete group G acts freely and properly on X. Then by
Proposition 3.10, the map Ay : G x X — F(X) is an equivariant homeomorphism and
F(X)o=Ax({1} x X) = A(X).

The remainder of this section is devoted to the proof of various elementary lemmas which

have been employed above.

Lemma 3.17. Consider the standard pullback diagram:

E(f,p) ——
pll lp
z L. x

If p is an open map then py is also an open map.

Proof. Let V. C X and W C Y be open sets. Then p((V x W) N E(f,p)) = VN
fH(p(W)). Note that f~(p(1W)) is open since the map p is open and f is continuous and
so VN f~1(p(W)) is also open. Since sets of the form (V x W) N E(f,p) give a basis for

the topology of E(f,p) and p; preserves unions, the conclusion follows. O
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Lemma 3.18. Let G be a topological group, let Y be a G-space and let f : Z — G\Y be

a continuous map. Consider the standard pullback diagram:

E(f,p) ——

le{ J{P
z 1. av
where p Y — G\Y is the orbit map and G acts on E(f,p) by g(z,y) := (z,9y) for g € G
and (z,y) € E(f,p). Then py induces a homeomorphism py : G\E(f,p) — Z given by
Pr(a(2,9)) = = for (2,) € E(f,p) where q: B(f,p) — G\E(f, p) is the orbit map.

Proof. The map p; is clearly well defined and continuous since p; = p1g and G\E(f, p)
has the identification topology determined by the orbit map ¢. Since p is surjective, p;
is surjective and thus p; is also surjective. Suppose p1(q(z1,21)) = P1(q(z2,22)). Then
21 = 29 and so p(z1) = f(21) = f(22) = p(z2). Hence q(z1,22) = q(22,2), demonstrating
that p; is injective. Since p is an open map, p; is also an open map by Lemma 3.17. Let
U C G\E(f, p) be open. Since q is surjective, U = ¢(¢~'(U)). Hence

() = pala™(U) = pi(g(U))

which is open since ¢~!(U) is open and p; is an open map. Hence p; is an open map. It

follows that p; is a homeomorphism. O

4. THE MARKED STRATIFIED FREE LOOP SPACE

Suppose that X is a proper G-CW complex where G is a discrete group. In this section,
we show that the orbit space G\ F(X) is homotopy equivalent to the space, P (G\X),
of stratum preserving paths in G\ X whose endpoints are “marked” by an orbit of the
diagonal action of G on X x X (see Theorem 4.20). The Covering Homotopy Theorem
of Palais plays a key role in the proof of this result. If X satisfies a suitable isovariant
homotopy theoretic condition then Py (G\X) is shown to be homotopy equivalent to a
subspace LI(G\X) C PX(G\X) which we call the marked stratified free loop space of
G\ X (see Theorem 4.23). Applying these results to the case X = EG, a universal space for
proper G-actions, yields a homotopy equivalence between the homotopy colimit, N(G, F),
of Section 2 and P (G\EG) and also, for suitable G, to L3 (G\X) (see Theorem 4.26).
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4.1. Orbit maps as stratified fibrations. We recall some of the basic definitions from

the theory of stratified spaces following the treatment in [11].

Definition 4.1. A partition of a topological space X consists of an indexing set 7 and a
collection {X | j € J} of pairwise disjoint subspaces of X such that X = (J,.; X;. For
each j € J, Xj is called the j-th stratum.

A refinement of a partition {X; | j € J} of a space X is another partition {X! | i € J'}
of X such that for every i € J' there exists j € J such that X] C X;. The component
refinement of a partition {X; | j € J} of X is the refinement obtained by taking the X;’s

to be the connected components of the X;’s.

Definition 4.2. A stratification of a topological space X is a locally finite partition
{X; | j € J} of X such that each X; is locally closed in X. We say that X together

with its stratification is a stratified space.

If X is a space with a given partition then a map f: Z x A — X is stratum preserving
along A if for each z € Z, f({z} x A) lies in a single stratum of X. In particular, a map
f:Z x 1 — X is a stratum preserving homotopy if it is stratum preserving along 1.

A class of topological spaces will mean a subclass of the class of all topological spaces,

typically defined by a property, for example, the class of all metrizable spaces.

Definition 4.3. Let X and Y be spaces with given partitions. A map p: X — Y is a
stratified fibration with respect to a class of topological spaces W if for any space Z in W
and any commutative square

z L. x

T
ZxI 2, vy

where ig(z) := (2,0) and H is a stratum preserving homotopy, there exists a stratum
preserving homotopy H : Z x I — X such that H(z,0) = f(z) for all z € Z and pH = H.

Definition 4.4. Let X be a space with a given partition. The space of stratum preserving
paths in X, denoted by Ps,(X), is the subspace of X', the space of continuous maps of
the unit interval into X with the compact-open topology, consisting of stratum preserving

paths, i.e., paths w : I — X such that w(/) belongs to a single stratum of X.
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Observe that a homotopy H : Z x I — X is stratum preserving if and only if its adjoint
H:Z — X! given by H(2)(t) := H(z,t) for (z,t) € Z x I, has H(Z) C Py (X).

A group action on a space determines an invariant partition on that space as follows.

Definition 4.5 (Orbit type partition). Let G be a topological group and let X be a G-
space. For a subgroup H C G, let Xy := {x € X | G, = H} where G, is the isotropy
subgroup at x. Let (H) := {gHg ' | g € G}, the set of conjugates of H in G, and
Xy = UKG(H) Xgk. Let J denote the set of conjugacy classes of subgroups of G of the
form (G,). The subspaces Xy are G-invariant and {Xy | (H) € J} is a partition of
X called the orbit type partition of X. Let p: X — G\X denote the orbit map. The set
{p( X)) | (H) € J} is a partition of G\ X also called the orbit type partition of G\ X.

Remark 4.6. If G is a Lie group acting smoothly and properly on a smooth manifold M
then the component refinement of the orbit type partition of M is a stratification of M
which, in addition, satisfies Whitney’s Conditions A and B; see [8, Theorem 2.7.4].

An equivariant map f : X — Y between two G-spaces is isovariant if for every x € X,
G» = G- An equivariant homotopy H : X x I — Y is said to be isovariant if for each
tel, H := H(—,t) is isovariant.

We make use of the following version of the Covering Homotopy Theorem of Palais.

Theorem 4.7 (Covering Homotopy Theorem). Let G be a Lie group, let X be a G-space
and let Y be a proper G-space. Assume that every open subset of G\X is paracompact.
Suppose that f : X — Y is an isovariant map and that F : G\X x I — G\Y is a homotopy
such that Fyo px = py o f, where px : X — G\X and py : Y — G\Y are the orbit maps,
and F(px (X)) x I) C py(Ymy) for every compact subgroup H C G. Then there exists
an isovariant homotopy F:XxI—Y suchthat Fy = fand Fo(px xidr) = py oF. O

Remark 4.8. The Covering Homotopy Theorem (CHT) was originally demonstrated by
Palais in the case G is a compact Lie group and X and Y are second countable and locally
compact ([19, 2.4.1]). Palais later observed (|20, 4.5]) that his proof of the CHT generalizes
to the case of proper actions of a non-compact Lie group. Bredon proved the CHT under
the hypotheses that G is compact and that G\ X has the property that every open subset is
paracompact ([5, II, Theorem 7.3]). A topological space is hereditarily paracompact if every

subspace is paracompact, equivalently, if every open subspace is paracompact ([16, App. I,
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Lemma 8]). The class of hereditarily paracompact spaces includes all metric spaces (since
any metric space is paracompact) and all CW complexes ([16, II, sec. 4]). The authors of
[1] observed that Bredon’s proof of [5, II, Theorem 7.1}, from which the CHT is deduced,
can be adapted to the case of a proper action of a non-compact Lie group; see the discussion
following [1, Theorem 1.5]. Also, note that it is not necessary to assume that the G-action
on X is proper because the induced G-action on the standard pullback E(F, py) is proper
by Lemma 4.9 below.

Lemma 4.9. Suppose that G X Y — Y s a proper action of a topological group G on
a Hausdorff space Y. Let Z be a Hausdorff space and [ : Z — G\Y a continuous map.
Let p : Y — G\Y denote the orbit map. Then the induced action of G on the standard
pullback E(f,p) is proper.

Proof. By hypothesis, the map Ay : G xY — Y x Y, Ay(g,y) = (y,9y), is proper.
Since Z is Hausdorff, the diagonal map A : Z — Z x Z is proper. The product of two
proper maps is proper and thus Ay x A : G XY x Z — Y xY x Z x Z is proper. It
follows that Azyy = hoo (Ay xidz)ohy : G X Z XY — Z xY x Z xY is proper
where h1 :G X Z XY - GxY xZand hy: Y XY X Z X Z — ZxY xZ xY are the
“interchange” homeomorphisms, hy(g, z,y) = (g,y, z) and ha(y1, Y2, 21, 22) = (21, Y1, 22, Y2)-
Since the action of G on Y is proper, G\Y is Hausdorff ([4, III, 4.2, Proposition 3]) and so
E(f,p) is a closed subset of Z x Y. Hence the restriction of Az«y to G x E(f, p) is a proper
map. This restriction map factors as io Ag(y ) where i : E(f, p) x E(f,p) — ZxXY xZxY
is inclusion and thus Ag;,,) is a proper map ([4, I, 10.2, Proposition 5(d)]). O

Theorem 4.10. Suppose that G is a Lie group and that Y is a proper G-space. Let'Y
and G\Y have the orbit type partitions. Then the orbit map p: Y — G\Y is a stratified

fibration with respect to the class of hereditarily paracompact spaces.

Proof. Let Z be a hereditarily paracompact space, let F': Z x [ — G\Y be a homotopy
which is stratum preserving along [ and let f : Z — Y be a map such that po f = Fj.
Consider the standard pullback diagram:

E(F07p) L

al |

z Lav
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By Lemma 3.18, p; induces a homeomorphism p; : G\E(Fy,p) — Z. The map ps is
clearly isovariant. The CHT (Theorem 4.7) implies that there is an isovariant homotopy
F: E(Fy, p)x I — Y such that poﬁ = Fo(p; xidy) and Fy = po. Define f : Z — E(Fy,p)
by f(z) = (z,f(2)) for z € Z. Let F: Z x I — Y be given by F = F o (f x id;). Then
poF =F and F, = f; furthermore, F is stratum preserving along I. U

Corollary 4.11. Suppose that G is a Lie group and that'Y is a proper G-space. Let H C G
be a subgroup. Then the orbit map p: Ygy — G\Y(m) is a Serre fibration.

Proof. Suppose that Z is a compact polyhedron. Then Z is metrizable and thus hereditarily
paracompact. Given a homotopy F': Z x I — G\Y(y) and a map [ : Z — Yy such that
Fy = pof, apply Theorem 4.10 to joF and io f, where ¢ : V() — Y and j : G\Ym) — G\Y
are the inclusions, to obtain F:ZxI— Yy with po F =F and fo = f. O

4.2. Spaces of marked stratum preserving paths. We apply the results of Section 4.1
in the case GG is a discrete group to show that, for a proper G-CW complex X, the orbit
space G\F'(X) is homotopy equivalent to the space, P (G\X), of stratum preserving
paths in G\ X whose endpoints are “marked” by an orbit of the diagonal action of G on
X x X; see Theorem 4.20. That theorem together with Corollaries 3.8 and 4.24 are used

to prove Theorem 4.26, which subsumes Theorem B as stated in the introduction to this

paper.

Lemma 4.12. Suppose that G is a discrete group and that'Y is a proper G-space. Then
the orbit map p : Y — G\Y has the unique path lifting property for stratum preserving
paths, i.e., given a stratum preserving path w : I — G\Y and y € p~*(w(0)) there exists a
unique path w : I —'Y such that ©(0) =y and pow = w.

Proof. Let w: I — G\Y be a stratum preserving path, i.e., there exists a finite subgroup
H C G such that w(I) C p(Ym)) = G\Yw). By Corollary 4.11, the restriction of p to
Yy, p: Yy — G\Y(m), is a Serre fibration. The fiber over p(y), where y € Y(g), is the
orbit G - y which is discrete since the G-action on Y is proper. By [21, 2.2 Theorem 5], a
fibration with discrete fibers has the unique path lifting property (note that in the cited
theorem, the given fibration is assumed to be a Hurewicz fibration; however, the proof of
this theorem uses only the homotopy lifting property respect to I and so remains valid for
a Serre fibration). O
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Combining Theorem 4.10 and Lemma 4.12 yields:

Proposition 4.13. (Unique Lifting.) Suppose that G is a discrete group and that'Y is a
proper G-space. Let Z be a hereditarily paracompact space. Suppose that F : Z x I — G\Y
18 stratum preserving homotopy and that f : Z — Y is a map such that po f = Fy. Then
there exists a unique stratum preserving homotopy F:ZxI—Y such that po F=F
and Fy = f- O

We define a “stratified homotopy” version of F(X) as follows.

Definition 4.14. Let X be a G-space with its orbit type partition. The G-space Fy,(X)

is given by:
Fop(X) :=={(w,y) € Pyp(X) x X | there exists g € G such that y = gw(1)}

where G acts on Fy,(X) by the restriction of the diagonal action of G on Py, (X) x X.

Note that there is a pullback diagram

Fip(X) —— Py(X) x X

Q\L l(poevl)xp

G\X —25 G\X x G\X
where 4 is the inclusion Fy,(X) — Py(X) x X, p : X — G\X is the orbit map,
evy : Pp(X) — X is evaluation at 1, A is the diagonal map and ¢ : Fyp(X) — G\X
is given by q((w,y)) = p(y) for (w,y) € Fip(X).

Proposition 4.15. The map { : F(X) — F,(X) given by {(x,y) = (cz, y), where ¢, is the
constant path at x, is an equivariant homotopy equivalence with an equivariant homotopy
inverse j : Fop(X) — F(X) given by j(w,y) = (w(1),y).

Proof. Observe that j o { = idp(x). Define a homotopy, H : Fy,(X) x I — Fy,(X) by
H((w,y),t) = (wt,y) where wy € Py, (X) is the path wi(s) = w((1—s)t+s) for s € I. Then

H is an equivariant homotopy from idg,,x) to £ o j. U

Corollary 4.16. The map ¢ : F(X) — Fy(X) induces a homotopy equivalence
(:G\F(X) — G\Fyp(X). O
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If G is a Lie group, we say that a G-CW complex X is proper if G acts properly on X.
By [13, Theorem 1.23], a G-CW complex X is proper if and only if for each x in X the
isotropy group G, is compact. In particular, if G is discrete, then X is a proper G-CW

complex if and only if G, is finite for every x in X.

Proposition 4.17. Let G be a discrete group. Suppose that X is a proper G-CW complex.
Then there is a pullback diagram:

Fp(X) 2 X x X

a3 [ o

evo,1

Py (G\X) —— G\X x G\X
where p : X — G\ X 1is the orbit map, q; and go are given, respectively, by q1(w,y) = pow
and q2(w,y) = (w(0),y) for (w,y) € Fip(X), and evo1(7) = (7(0),7(1)) for 7 € Pyp(G\X).

Proof. Let Z be a hereditarily paracompact space. Suppose h = (hg,h1) : Z — X x X
and f : Z — Py(G\X) are maps such that evo, f = (p x p)h. Let f: Z x I — G\X be
the adjoint of f,i.c., f(z,t) = f(2)(t) for (z,t) € Z x I. Note that f is stratum preserving
along I. The diagram

h
VA _"o

Zx1 1. a\x
is commutative where ig(z) = (2,0) for z € Z. By Proposition 4.13, there exists a unique
F : Z x I — X which is stratum preserving along I such that pF' = f and Fiy = hg. Let
F:7Z— Py, (X) be the adjoint of F'. Then Q : Z — F,(X) given by Q(z) = (F(2), hi(2))
for z € Z is the unique map such that h = ¢ and f = ¢;@. In order to conclude that
the diagram appearing in the statement of the proposition is a pullback diagram in TOP,

it suffices to show that the spaces Fy,(X) and

Eevo, px p) = {(w,2,y) € Bp(G\X) x X x X [ w(0) = p(x), w(1) = p(y)}
are hereditarily paracompact. Since and X and G\ X are CW complexes, the main theorem
of [6] implies that the path spaces X! and (G\X)! are stratifiable in the sense of [3,
Definition 1.1] (despite the sound alike terminology, this notion of “stratifiable” is not
directly related to our Definition 4.2). It is shown in [3] that any CW complex is stratifiable,
that a countable product of stratifiable spaces is stratifiable and that a stratifiable space
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is paracompact and perfectly normal, i.e., normal and every closed set is a countable
intersection of open sets. Hence X7 x X and (G\X)! x X x X are stratifiable and thus
paracompact and perfectly normal. A subspace of a paracompact and perfectly normal
space is also paracompact and perfectly normal ([16, App. I, Theorem 10]). In particular,
Fp(X) € X' x X and E(evgy, p x p) C (G\X)? x X x X and all of their subspaces are

paracompact. O

Definition 4.18. The space P (G\ X) of marked stratum preserving paths in G\ X consists
of stratum preserving paths in G\ X whose endpoints are “marked” by an orbit of the

diagonal action of G on X x X. More precisely, P (G\X) = E(evo, p X p) where
E(GV()J,,O X ,0) RN G\(X X X)

.| [

evo,1

Py (G\X) —— G\X xG\X
is a standard pullback diagram and p X p is induced by p x p: X x X — G\X x G\ X.

Proposition 4.19. Let G be a discrete group. Suppose that X is a proper G-CW complex.
Then the map q : Fyp(X) — PR(G\X) given by q(w,y) = (p o w,p'(w(0),y)), where
P X xX — G\(X xX) is the orbit map of the diagonal action, induces a homeomorphism
1+ G\Fy(X) — PR(G\X).

Proof. The pullback diagram of Proposition 4.17 factors as:
Fo(X) 25 X x X

Sp

1| |~
PR(G\X) -2~ G\(X x X)

| |7

evo,1

Pp(G\X) —— G\X x G\X
The outer square in the above diagram is a pullback by Proposition 4.17 and the lower
square is a pullback by definition. It follows that the upper square is a pullback. By
Lemma 3.18, ¢ induces a homeomorphism ¢ : G\ Fy,(X) — P (G\X). O

Combining Corollary 4.16 and Proposition 4.19 yields:

Theorem 4.20. Let G be a discrete group. Suppose that X is a proper G-CW complex.
Then the map qol:G\F(X) — P2(G\X) is a homotopy equivalence. O
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Definition 4.21. The stratified free loop space of G\X, denoted by Lg,(G\X), is the
subspace of Py, (G\ X) consisting of closed paths, i.e., w € Py,(G\X) such that w(0) = w(1).
The marked stratified free loop space of G\ X, denoted by L3 (G\X), is the subspace of
P3(G\X) given by:

LG(G\X) ={(w, p'(z,y)) € PH(G\X) | (z,y) € F(X)o}.
(Recall that p : X — G\X and p' : X x X — G\(X x X) are the orbit maps and

that F'(X) is the union of the components of F'(X) meeting the diagonal.) Note that if
(w, p'(7,y)) € LI(G\X) then w(0) = p(z) = p(y) = w(1) and so w € L,(G\X).

There is a standard pullback diagram:
LH(G\X) == G\F(X)q

al E
Lop(G\X) =  G\X
where p is given by p(p'(z,y)) = p(z) for p'(z,y) € G\F(X)o.

Let A : G\X — G\(X x X) denote the map induced by the diagonal map,
A: X — X x X. Define the map ¢ : Ly(G\X) — L2(G\X) by 1(w) = (w, Aw(0))).
The composite pye is the identity map of L4, (G\X) and so Ls,(G\X) is homeomorphic
to a retract of LI (G\X). In general, ¢ is not a homotopy equivalence; for example, in
the case of the infinite dihedral group, D, acting on R as in Example 5.5, L, (Do \R) is

contractible whereas L7 (D \R) is not simply connected.

Proposition 4.22. If the discrete group G acts freely and properly on X then the map
v Lop(G\X) — LE(G\X) is a homeomorphism, furthermore, Lg,(G\X) = L(G\X), the
space of closed paths in G\ X.

Proof. Since the G-action on X is free and proper, by Remark 3.16, F'(X), is the diagonal of
XxX andsop: G\F(X)o— G\X is a homeomorphism. Thus p; : L3 (G\X) — L (G\X)
is also homeomorphism since it is a pullback of p. Hence ¢ = (p;)~! is a homeomorphism.
Since the G-action is free, there is only one stratum and so Lq,(G\X) = L(G\X). O

Define S to be the image of the map Gx Py, (X) — X xX given by (g,0) — (c(0), go(1)).
Note that S is a G-invariant subset of X x X and that F(X)C S.

Theorem 4.23. Suppose that the pair (5, F(X)o) can be deformed isovariantly into the
pair (F(X)o, F(X)o), i.c., there is an isovariant homotopy H : S x I — S such that
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H(—,0) is the identity of S and H(S x {1} U F(X)o x I) C F(X)y. Then the inclusion
i: LI (G\X) — P2(G\X) is a homotopy equivalence.

Proof. Let H : S x I — S be an isovariant homotopy such that H(—,0) is the identity of
Sand H(S x {1} UF(X)o x I) C F(X)o. Write H = (Hy, Hy) where H, : S x I — X for
j = 1,2. Define the homotopy b : P5(G\X) x I — Py (G\X) by

po Hi((z,y),s— 3t) if 0 <t<s/3,
b((w, /@), 5)(0) = { wl(252) if5/3 <1< 1—s/3,
po Hy((z,y),s+3t—3) ifl—s/3<t<1.
where p : X — G\X and p/ : X x X — G\(X x X) are the orbit maps. Define the
homotopy B : P (G\X) x I — P3(G\X) by

B((w, p'(z,9)),5) = (b((w, p'(,9)), 8), o (H((,y),5)))-

The hypotheses on H imply that B is a deformation of the pair (P5(G\X), L3 (G\X))
into the pair (L3 (G\X), L5 (G\X)) and so i : LJ(G\X) — P (G\X) is a homotopy
equivalence. O

The inclusion F(X), — S is an isovariant strong deformation retract if there is a
homotopy H : S x I — S as in Theorem 4.23 with the additional property that H is
stationary along F'(X)o.

Corollary 4.24. If F(X)y — S is an isovariant strong deformation retract then
i: LG (G\X) — P3(G\X) is a homotopy equivalence. O

Remark 4.25. Suppose in Theorem 4.23 that the discrete group G acts freely and properly.
Then S = X x X and F(X)y = A(X), the diagonal of X x X; see Remark 3.16. The
hypothesis of Theorem 4.23 asserts that (X x X, A(X)) is deformable into (A(X), A(X))
and so the diagonal map A : X — X x X is a homotopy equivalence. This implies that X
is contractible and hence a model for the universal space, EG, for free G-actions, provided
X has the equivariant homotopy type of a G-CW complex. Conversely, suppose that EG is
a G-CW model for the universal space such that EG x EG with the product topology and
the diagonal G-action is also a G-CW complex and has an equivariant subdivision such
that A(EG) is a subcomplex. Then A(EG) C EG x EG is an equivariant, hence isovariant

(since the G-action is free), strong deformation retract.
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In Section 5 we show that the hypothesis of Corollary 4.24 is satisfied for a class of groups
which includes the infinite dihedral group and hyperbolic or euclidean triangle groups and

where X is a universal space for G-actions with finite isotropy.

Theorem 4.26. Suppose that G is a countable discrete group and that F is its fam-
ily of finite subgroups. Let EG = ExG, a universal space for proper G-actions, and
BG = G\EG.

(i) There is a homotopy equivalence (G, F) ~ P (BG).
(ii) If EG satisfies the hypothesis of Corollary 4.24 then there is a homotopy equivalence
NG, F) ~ L3 (BG).

Proof. Conclusion (i) of the theorem is a direct consequence of Corollary 3.8 and Theorem
4.20. Conclusion (ii) follows from (i) and Corollary 4.24. O

If G is torsion free then the family F of finite subgroups of GG is the trivial family and so
INY(G)] ~ N(G, F) and LT (BG) = L(BG) (Proposition 4.22); furthermore, by Remark
4.25, Theorem 4.26(ii) applies thus recovering the familiar result |[NY¢(G)| ~ L(BG).

5. EXAMPLES

Let EG denote the universal space for proper G-actions and BG = G\EG. In this section,
we show that if GG is the infinite dihedral group or a hyperbolic or euclidean triangle group,
then the hypothesis of Corollary 4.24 is satisfied; that is, F(EG)y — S is an isovariant
strong deformation retract. By Theorem 4.26, this implies that M(G, F) ~ Py (BG) ~
L3 (BG), where F is the family of finite subgroups of G. This is accomplished by showing
that, for these groups, F(EG) is path connected and F(X) — S is a G x G-isovariant
strong deformation retract.

Let G be a discrete group and X a proper G-space. Recall that F(X) is the image of
Ax : G x X — X x X, where Ax(g,z) := (x,gz) for (¢9,2) € G x X, and S is the image
of the map G x Pyp(X) — X x X given by (g,0) — (0(0), go(1)). Notice that F'(X) and
S are each G x G-invariant subsets of X x X. Let p: X — G\X denote the orbit map.
Then F(X) = (p x p) " (A(G\X)), and S = (p x p)~'({(0(0),0(1)) | o € Poyp(G\X)}) by
Lemma 4.12.
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Proposition 5.1. Let G be a discrete group and X a proper G-space. Assume that G\ X
is homeomorphic to a subset of R™ for some n, and that the images of the strata of G\ X

in R™ are convex. Then F(X) — S is a G x G-isovariant strong deformation retract.

Proof. Let h be a homeomorphism from G\X to D C R” such that the images of the
strata of G\ X under h are convex. Define H' : R" x R" x I — R™ x R" by H'((a,b),t) =
(a,ta + (1 — t)b). Notice that H'(a,a,t) = (a,a) for every a € R™ and every t € I. Let
S ={(c(0),0(1)) | 0 € Pr,(G\X)}, and let H = (hxh)"toH'o((hxh)|sxid;). Since the
images of the strata of G\ X under h are convex, H : S x [ — S is a homotopy such that

Hoo(px p)lg=(pxp)lzgoidg and H((p x p)(Sixxxs)) X I) C (p x p)(Sxxks)) for every
finite subgroup K of G and every g € G. Observe that if (z,y) € g, then (G % Q) @y =
G, x Gy, = K x K9 for some finite subgroup K of G and some g € GG. Therefore, by the
Covering Homotopy Theorem (Theorem 4.7), there exists a G x G-isovariant homotopy
H :Sx1— S covering H such that Hy = idg. Since (p x p) " HA(G\X)) = F(X) it
follows that H,(S) C F(X). Thus, H is the desired homotopy. O

Corollary 5.2. Let G be a discrete group and X a proper G-space. Assume that G\X
is homeomorphic to a subset of R™ for some n, and that the images of the strata of G\ X
in R™ are convex. If F(X) is path connected, then F(X)y = F(X) < S is an isovariant

strong deformation retract.
Next we determine when F(X) is path connected.

Theorem 5.3. Let G be a discrete group and X a path connected G-space. Then, F(X)
is path connected if every element of G can be expressed as a product of elements each of
which fixes some point in X. If, in addition, G acts properly on X, then the converse is

true.

Proof. Let S = {s € G | sy = y for some y € X}. Clearly, if s € S and y € X such
that sy = y, then Ax(s,y) = Ax(l,y). Since X is path connected, this implies that
Ax(S x X) C F(X) is path connected.

Suppose S generates G. Let (g,x) € G x X be given. We will show that there is a path
in F'(X) connecting Ax (g, x) to a point in Ax (S x X). Write g = s,, - - - $251, where s; € S.

For each i, there is an x; € X such that s;x; = x;. Therefore,

Ax(g,71) = Ax(gsy ", m1), and Ax(gsy" -+ s; ', 1) = Ax(gsy ' 31-111, Tiy1)
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for each 4, 1 <1i <mn — 1. Since X is path connected, Ax({h} x X) is path connected for
every h € G. Thus, Ax(g,z) and Ax(1,z,) are connected by a path in F(X).

Now assume that G acts properly on X, and F(X) is path connected. Let N be the
subgroup of G generated by S. Since S is closed under conjugation, N is a normal subgroup
of G. Therefore, G/N acts on N\X by gN - p(x) = p(gx), where p : X — N\X is the
orbit map. It is easy to check that the action is free. The fact that G acts properly
on X implies that N acts properly on X and that X is Hausdorff; furthermore, N\ X is
Hausdorff [4, TII, 4.2, Proposition 3]. Recall that a discrete group G acts properly on a
Hausdorff space X if and only if for every pair of points x,y € X, there is a neighborhood
V., of x and a neighborhood Vj, of y such that the set of all g € G for which gV, NV, # 0 is
finite [4, II1, 4.4, Proposition 7]. This implies that G/N acts properly on N\ X. Therefore,
Ac/n : G/N x N\X — N\X x N\X is a homeomorphism onto its image F(N\X). Thus,
F(N\X) is path connected if and only if G/N is trivial. Since the map pp : F(X) —
F(N\X), defined by pr(z,gz) = (p(x), p(gz)), is onto and F(X) is path connected, it
follows that G/N is trivial. That is, G = N. O

An immediate consequence of this theorem is the following.

Corollary 5.4. Let G be a discrete group and F a family of subgroups of G. If there exists
a set of generators, S of G, with the property that for every s € S, there is an H € F such
that s € H, then F(ExG) is path connected.

Example 5.5 (The infinite dihedral group). Let G = Dy, = {(a,b | a®* = 1, aba™! = b71)
and X = R, where a acts by reflection through zero and b acts by translation by 1. Since
R is a model for ED., and D, is generated by two elements of order two, namely a and
ab, F(R) is path connected by Corollary 5.4. The quotient of R by Dy, is homeomorhpic
to the closed interval [0, 1]. The strata are {0}, {1} and (0,31). Therefore, Corollary 5.2

implies that Fy(R) — S is an isovariant strong deformation retract.
Example 5.6 (Triangle groups). Let
G = {a,b,c|a*=b*=c* = (ab)’ = (bc)?! = (ca)" = 1),

where p, ¢, r are natural numbers such that }—17 + % + % < 1. The group G can be realized

as a group of reflections through the sides of a euclidean or hyperbolic triangle whose

interior angles measure %, % and T, where the generators a, b and c¢ act by reflections
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through the corresponding sides. Thus, the triangle group GG produces a tessellation of
the euclidean or hyperbolic plane by these triangles. Therefore, this plane is a model for
EG, whose quotient, D, is equivalent to the given triangle. By Corollary 5.4, F(EG) is
path connected. There are seven strata of D, namely lo), Soa, So’b, So’c, and each of the three
vertices, where D denotes the interior of D, and §a, §b, and 50’,3 are the interiors of the sides
of the triangle, S,, Sy, and S,, respectively, through which a, b, and ¢ reflect. It follows

from Corollary 5.2 that Fo(EG) — S is an isovariant strong deformation retract.

Remark 5.7. Let X be a G-space and Y an H-space. Clearly, Fxp(X X Y) = Fg(X) x
Fy(Y), and Fug(X xY)o = Fg(X)o X Fg(Y)o. (Here, the group that is acting has been
added to the notation of the configuration space.) Furthermore, since (z,y) and (z',y’)
are in the same stratum of X x Y if and only if x and 2’ are in the same stratum of X
and y and ¢y’ are in the same stratum of Y, it follows that S xy = S x X §y. Therefore, if
Fg(X)o < Sy is a G-isovariant strong deformation retraction and Fy (Y )y < Sy is an H-
isovariant strong deformation retraction, then Fiy (X xY)y — Sy vy is a G x H-isovariant
strong deformation retraction. This observation produces interesting examples for which
Theorem 4.26 is true. If X =R, G =7Z,Y = R and H = D, then Fz.p (R x R) =
Fz(R) x Fp_(R) is not path connected, since Fz(R) is not path connected. Moreover,
Frup., (RxR)y #A(R) and Fzxp, (RXxR)g # Fzxp, (RxR). Despite this, Theorem 4.26
applies to Z X D.

6. A COMPARISON OF G\ F(EG) AND G\ F(EG)

In this section we examine the map M(G, {1}) — N(G, F), where G is a discrete group
and F is the family of finite subgroups of G. This enables us to compute the induced map
HH,(ZG) — HHI (ZG).

Let E be a model for EG and E be a model for the universal space for proper G-actions.
Then, G\ F(E) is homeomorphic to N(G, {1}), and N(G, F) is homeomorphic to G\ F'(E)
by Corollary 3.7. The universal property of E implies that there is a G-equivariant map,
f : E — E, that is unique up to G-homotopy equivalence. Then F(f) : F(E) — F(E)
induces a map f : G\F(E) — G\F(E). Note that for a different choice of f, the induced
map will be homotopy equivalent to f. The corresponding map on homology groups is
denoted f, : HH,(ZG) — HH (ZG). Recall that

Ag : G\(G x E) — G\F(E)
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is a homeomorphism, since G acts freely and properly on E (Proposition 3.10). By Propo-
sition 3.11, there is a homeomorphism
he I Z(9\E— G\(GxE),
C(g)€conj(G)
which sends the orbit Z(g) - « to the orbit G - (g, ). This produces a map
¢: ] Z\E—G\FE),
C(g)€econj(G)
where ¢ = f o Ag o h. That is, the image of Z(g) -  under ¢ is G - (f(z),g - f(z)), where

g isin GG and z is in E. Thus, we have the following commutative diagram.

HH,(ZG) —~ HHF(2.6)

P H.(BZ(9); 2)

C(g)€conj(G)

If H is a finite group, then the Sullivan Conjecture, proved by Miller [17], implies that a map
from BH to a finite dimensional CW complex is null homotopic. If E is finite dimensional,
then F'(E) is homotopy equivalent to a finite dimensional CW complex. Thus, if Z(g) is
finite, then the image of H,((BZ(g);Z) under ¢, is zero.

For an illustrative example, consider the infinite dihedral group, Dy = {(a,b | a* =
1, aba™' = b7!). Let E = R, where a acts by reflection through zero and b acts by
translation by 1. That is, axz = —x and bx = z 4+ 1. The space F(R) is the image of
Ar : Do x R — R x R. Thus, F(R) = {(z,g9z) | * € Rand g € Dy}. Every element of
D4, can be expressed as ¥ or ab’, for some j in Z. Since ¥’ x = x + j and al/ x = —x — j,
F(R) C R? is the union of the lines of slope 1 and -1 that cross the y-axis at an integer.
A picture of D\ F(R) is given in Figure (1) below.

To see that this is in fact the picture, consider the diagonal action of (b) on R?. The
orbit of the set

D={(z,y)|]z€eR and —z—-1<y< —z+1}
under this action is all of R?2. Observe that the lines y = —2z — 1 and y = —x + 1 get
identified in the quotient of R? by (b) and that the rest of the set is mapped injectively
into the quotient. Thus, (b)\R? is an infinite cylinder. Since a acts on the set D by
a rotation of 180°, we see that the quotient Do\R? = (a)\((b)\R?) is obtained from
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VOO

FIGURE 1. The space D\ F(R).

{(z,y) € D | y > x} by identifying the endpoints of the line segments y = z + t, where
t > 0 (that is, the points (%’1, %) and (%ﬂ, %)), as well as by identifying the points
(z,z) and (—x, —z), where —1/2 < z < 1/2. Thus, D \R? looks like an “infinite chisel”,
and Do \F(R) C Dy \R? is as shown above.

The non-trivial finite subgroups of Dy, are of the form (ab’), where ¢ € Z. For each 1,
(ab) fixes —i/2 € R. Beginning with the action of Dy, on R, construct a model for ED,,
by replacing each half-integer with an S°°. Denote this “string of pearls” model for ED,
by E, and let f : E — E be the equivariant map that collapses each S* to a point. The

conjugacy classes of D, are:

The corresponding centralizers are
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Note that Dy \E is an “interval” with an RP> at each end; (a)\E is a “ray” that begins
with an RP*> at 0 and has an S* at every positive half-integer; (ab)\E is a “ray” that
begins with an RP* at 1/2 and has an S* at every other positive half-integer; and Z\E
is a “circle” with two S°’s in place of vertices.

The image of ¢ is broken into the pieces

(4) ¢(Doo - ) = Doo - (f(2), f(2))

(5) ¢(Z(a) - x) = Doo-(f(ﬂf%—f(:v))

(6) ¢(Z(ab) - x) = Doo - (f (), = f(2) = 1)
(7) AZ(V) @) = Do - (f(2), f(x) + ),

where j is a positive integer and = € E. Referring to diagram (1), the base of D\ F(E) is
(4), the pieces (5) and (6) are the sides of D\ F(E), and (7) provides each of the circles.
Therefore, ¢ is a gluing of the disjoint pieces, Z(g)\E, after each S and each RP>| is
collapsed to a point. Observe that,

HH.(ZD.) & H.(BDw; Z) & H.(BZ(a); Z) & H.(BZ(ab); Z) & D H.(BZ(¥

5>0
Since Z(a) = Z/2 = Z(ab), the Sullivan Conjecture implies that the image of H.(BZ(a); Z)
and H.(BZ(ab);Z) under ¢, is zero. By the above analysis, ¢(BDy) = D \R = [0, 1].
Therefore, the image of H;(BDu;Z) under ¢; is 0, for i > 1. The rest of HH;(ZD,,) is
mapped injectively into HH? (ZDy,), i > 1.

Classical Hochschild homology has been used to study the K-theory of groups rings
via the Dennis trace, dtr : K. (RG) — HH,(RG). In [15], Lick and Reich were able to
determine how much of K,(ZG) is detected by the Dennis trace. A natural question is to
determine the composition of the Dennis trace with the map f, : HH,.(ZG) — HHI (ZG).

From Liick and Reich, we have the following commutative diagram

A

HO (B K) K.(ZG)

e

HE(E;HH,) 2~ HH,(ZG)
[15, p.595], where the maps A and B are assembly maps in the equivariant homology
theories with coefficients in the connective algebraic K-theory spectrum, Kz, associated

to Z, and the Hochschild homology spectrum HHy, respectively. Each assembly map is
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induced by the collapse map E — pt. Liick and Reich use the composition of the Dennis
trace with the assembly map in algebraic K-theory, dtr o A, to achieve their detection
results. In particular, they observe that the assembly map in Hochschild homology factors

as

HE(EG; HHy) HH.(ZG)

E Tg

) @.JZ*(BZ@);Z): GBH*(BZ(g);Z)
<92§;§§< ) C(g)€conj(G)

[15, p. 630]. Given the discussion above, in the case G = D,
HE(ED.;HH,) = H,(BD.;Z) ® H,(BZ(a); Z) ® H,(BZ(ab); Z).

Therefore, f. o B = 0, which implies that the image of f, o dtr o A is zero.

We conclude with speculation about a possible geometric application of the groups
HH? (ZG). Associated to a parametrized family of self-maps of a manifold M, there are
geometrically defined “intersection invariants,” in particular, the framed bordism invariants
of Hatcher and Quinn [10], which take values in abelian groups that are known to be related
to the Hochschild homology groups H H.(ZG), where G is the fundamental group of M [9].
It appears plausible that the groups H H? (ZG), where F is the family of finite subgroups,
could play an analogous role in the yet to be developed homotopical intersection theory of
orbifolds.
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