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Abstract

This work aims to establish new results pertaining to the structure of
transportation cost spaces. Due to the fact that those spaces were studied
and applied in various contexts, they have also become known under differ-
ent names such as Arens-Eells spaces, Lipschitz-free spaces, and Wasserstein
spaces. The main outcome of this paper states that if a metric space X is
such that the transportation cost space on X contains an isometric copy of
{1, then it contains a 1-complemented isometric copy of £1.
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1 Introduction

In this paper, we continue the study of Banach-space-theoretical properties of
transportation cost spaces. The study of transportation cost spaces was launched by
Kantorovich [20], see also [21]. As time passed, these spaces have proven to possess
the high degree of importance within a variety of directions. This, in turn, have led
to the diversity of names used for the spaces, the most popular names are mentioned
in the Abstract. We stick to the term transportation cost space since, in our opinion,
it immediately clarifies the circle of discussed problems and is consistent with the
history of the subject. A detailed survey on the development of those notions along
with relevant historical comments is presented in [25, Section 1.6].

Before we begin, let us recall some necessary definitions and facts. Let (X, d)
be a metric space. If f : X — R is a function possessing a finite support and



satisfying the condition ZUESupp i (v) = 0, then, in a natural way, it can be viewed
as a transportation problem (on X) of certain product from sites where it is available
(f(v) > 0) to those where it is demanded (f(v) < 0).

Every transportation problem f admits a presentation of the form:

f - a’l(]‘l’l - 1y1) + a’2(19€2 - 1y2) +oeet a77»<133n - ]'yn)? (1)

where a; > 0, x;,y; € X, and 1,(z),u € X stands for the indicator function of w.
Since equality (1) can be regarded as a plan of carrying a; units of the product from
x; to y;, every representation of this form is said to be a transportation plan for f.
In this interpretation, the sum ), a;d(x;,y;) defines the cost of that plan.

In the sequel, TP (X)) denotes the real vector space of all transportation problems
(on X). We endow TP (X)) with the transportation cost norm (or transportation cost,
for short). Namely, for f € TP(X), the norm || f||z¢ is defined as the infimum of
costs taken over all transportation plans given by (1).

For infinite X, the space TP (X) with ||-|tc may not be complete, its completion
is called the transportation cost space and denoted by TC(X). When X is finite,
the above spaces TC(X) and TP (X) are identical as sets. The notation TC(X) is
employed to highlight the normed vector space structure when we need it.

It can be effortlessly derived from the triangle inequality that, whenever f &
TC(X) has a finite support, the infimum of costs of transportation plans is attained.
Moreover, it is easy to notice that this occurs for a plan with {x;} = {v: f(v) > 0}
and {y;} = {v: f(v) < 0}. Notice, that a transportation plan that provides the
infimum need not be unique. Any such a transportation plan for f, whose cost
equals || f|lrc is called an optimal transportation plan for f € TP(X) because this
plan has the minimal possible cost. See [27] for a more detailed introduction.

Prior to presenting our results, it seems appropriate to outline the motivation
for studying transportation cost spaces:

(1) The dual space of TC(X) is the space of Lipschitz functions on X vanishing
at a specified point and equipped with its natural norm. This makes the space
TC(X) an object of Classical Analysis, especially in cases where X is a classical
metric space like R™.

(2) A metric space X admits a canonical isometric embedding into TC(X)
(Arens—Eells observation [4]). This fact makes TC(X) a natural object of study
in the theory of Metric Embeddings, see [28, Chapter 10].

(3) The norm in this space can be interpreted as a transportation cost.

(4) The transportation cost space TC(X) can be regarded as a kind of a lin-
earization of X, and can be used to generalize Banach-space-theoretical notions to
the case of metric spaces. This approach was suggested by Bill Johnson; later his
idea was described in [7, p. 223], where its limitations were discovered. See also the
discussion in [24].

(5) Transportation cost spaces were applied to solve some important problems
of the Banach space theory, both of linear and non-linear theories. The respective



program was initiated by Godefroy-Kalton in [17] and significantly developed by
Kalton in [19].

In this paper, the study of Banach space geometry of TC(X) is continued. More
specifically, we focus at studying the relations between its structure and the structure
of the space ¢;. Available related results can be found in [1, 3, 9, 10, 11, 12, 16, 22,
25, 26].

As the most closely related predecessors of this research, the following results
have to be cited:

Theorem 1.1 ([22]). If a metric space X contains 2n elements, then TC(X) con-
tains a 1-complemented subspace isometric to (7.

We employ some notions and facts of Graph Theory, following the terminology of
[6]. In this article, only finite graphs are considered. A graph is said to be weighted
if each its edge e has weight, that is, is a real number w(e) associated with e. A set
M of edges in a graph G is called a matching if edges in M do not have common
ends. A matching M in G is called perfect if each vertex in G is incident with an
edge in M. The weight of a matching M is the sum of weights of all edges contained
in M. A graph is called complete if any two vertices in it are joined by an edge.
A minimum weight perfect matching in a complete weighted graphs with the even
number of vertices is a perfect matching with the least possible weight.

To formulate the next theorem, we introduce, for a finite set {v;}", in (X, d), the
complete weighted graph K ({v;}™,), whose vertex set is {v;}/,, while the weight
of an edge uv equals d(u,v).

Theorem 1.2 ([26]). The space TC(X) contains {1 isometrically if and only if
there exists a sequence of pairs {x;,y;}32, in X, with all elements distinct, such
that each set {z;y;}7_, of edges is a minimum weight perfect matching in the graph
K({wi,yi}iz))-

The assertion below is the main result of this paper.

Theorem 1.3. If a metric space X is such that TC(X) contains a subspace isomet-
ric to {y, then TC(X) contains a 1-complemented isometric copy of {1.

Remark 1.4. In general, a linear isometric copy of ¢; in TC(X) does not have to
be complemented. This fact is a consequence of the following result proved in [17,
Theorem 3.1]: There exists a metric space X such that TC(X¢) contains a linear
isometric copy of C[0, 1]. To show that TC(X¢) contains a linearly isometric copy of
/1 which is not complemented, it suffices to combine this result with the two classical
facts: (i) ¢; admits a linear isometric embedding into C'[0,1] (Banach-Mazur, see
[5, Theorem 9, p. 185]), (ii) The image of this subspace is not complemented, for
example, because the dual of C[0,1] is weakly sequentially complete, but the dual
of ¢, is not; see [14, Chapter IV].



Remark 1.4, which establishes the existence of non-complemented linear isomet-
ric copies of /1 in TC(X), is based on important classical results. However, if we
are interested in subspaces isometric to ¢; which are only not 1-complemented, such
example can be constructed in a more elementary way. We present such an example
below.

Example 1.5. There is a simple metric space X such that TC(Xg) contains a
linear isometric copy of {1 which is not 1-complemented.

Recall that K, 4 is a complete bipartite graph in which both parts have 4 vertices.
The starting point of this example is the fact [13, Section 8] that TC (K4 4) contains a
linearly isometric copy of £2 . Tt is a well-known observation of Griinbaum [18], that
there exist a subspace in £2_ which is isometric to £3 and is not 1-complemented. We
let Xk be the union of the vertex set V(K 4) and N (with their usual metrics). Next,
pick a vertex O in V(Ky4) and introduce the metric on the union as follows: the
distance between two points in V(Ky4) or N is equal to the original. The distance
between v € V(K44) and m € N is equal to d(v,0) + m. It is well-known (see
[2, Section 3.1]) that for such metric one has TC(Xg) = TC(Ky4) @1 ¢1. By the
aforementioned example of [13], this space contains a subspace isometric ¢4 @, /;.
Thus, by the observation of [18] stated above, the space contains a linear isometric
copy of ¢; which is not 1-complemented.

2 Proof of Theorem 1.3

Our proof of Theorem 1.3 is based on Theorem 1.2. The following result is the key
lemma in the proof of Theorem 1.3.

Lemma 2.1. Let (X, d) be a metric space containing a set {x;, y;}1, of pairs form-
ing a minimum weight matching in K({xy,...,Tn,Y1,-..,Yn}). Then, there exists a
surjective norm-1 projection P, : TC(X) — L, where L,, is the subspace of TC(X)
spanned by {1,, — 1, }1" ;.

Proof. Denote the vector Z’z_;y) by s;. To prove this lemma, we are going to con-

struct a sequence {t;,} ; of 1-Lipschitz functions on X such that {s;,¢;,}", is a
biorthogonal set, and also

Pu(f) = Z tin(f)si (2)

is a surjective norm-1 projection P, : TC(X) — L,.

Remark 2.2. The dual of the space TC(X) is identified as Lipo(X) - the space of
Lipschitz functions on X having value 0 at a picked and fixed point O in X, called
the base point (see [28, Chapter 10]). The action of Lipg(X) on f € TP(X) is given
by > vcsupps (V) f(v), wherefrom it is extended to TC(X) by continuity. Observe
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that any Lipschitz function ¢ on X gives rise to a continuous linear functional on
TC(X), the functional is the same as the functional produced by t —¢(O) € Lip(X).
Because of this, in the selection of ¢;,, the condition ¢;,(0) = 0 may be dropped
out.

At this point, we notice that, after establishing the biorthogonality, it suffices
to prove that ||P,(f)|tc < ||f||tc for every f € TC(X) of the form f =1, — 1,
for w,z € X. This will be shown by using the reasoning of [22, p. 196]. For the
convenience of the reader, the details are presented below. Indeed, by the definition
of TC(X), the space TP(X) is dense in TC(X), and for g € TP(X) the desired
inequality can be derived from the case f = 1,,—1, as follows. For each g € TP (X)),
there exists an optimal transportation plan (see Section 1 or [30, Proposition 3.16]).
Hence, g can be represented as a sum g = > ", ¢g;, where all g; are of the form
gi = bi(1,, —1,,), b; € R, and ||g|[rc = > i~ ||gillrc. Therefore, assuming that we
proved the inequality ||P.(f)|tc < ||f|lrc in the case f =1, — 1., we obtain:

(5

To construct {t;,},, we need to restate the assumption that {x;y;}7, is a
minimum weight matching in K({x1,...,Zn,%1,...,Yn}) in Linear Programming
(LP) terms. Originally, this approach was suggested by Edmonds [15]. Below, we
follow the presentation of this approach given in [23, Sections 7.3 and 9.2]. First,
consider the minimum weight perfect matching problem on a complete weighted
graph G with even number of vertices and weight w : E(G) — R, w > 0. By
[23, Theorem 7.3.4], the minimum weight perfect matching problem can be reduced
to the linear program (LP1) described below. Within the program, an odd cut
designates the set of edges in GG joining a subset of V(G) of odd cardinality with
its complement, while a trivial odd cut designates a set of edges joining one vertex
with its complement. If x is a real-valued function on F(G) and A is a set of edges,
we define x(A) := > .., x(e). The reduction means that the linear program has an
integer solution corresponding to a minimum weight perfect matching.

[1Pngllre =

m m
<3 IPagllre < 3 llgdlre = lgllre,
TC i=1 i=1

and, thus, ||P,|| < 1.

Here comes the program.
e (LP1) minimize w' - x (where x : B(G) — R)
e subject to

(1) x(e) > 0 for each e € E(G)
(2) x(C) =1 for each trivial odd cut C'
(3) x(C) > 1 for each non-trivial odd cut C.

bt



Next, we introduce a variable yo for each odd cut C.

The dual program of the program (LP1) is:

e (LP2) maximize ) ,yc

e subject to

(D1) y¢ > 0 for each non-trivial odd cut C
(D2) > containing ¢ YO < w(e) for every e € E(G).

The Duality in Linear Programming [29, Section 7.4] - see also a summary in
[23, Chapter 7] - states that the optima (LP1) and (LP2) are equal. Therefore,
the total weight of the minimum weight perfect matching coincides with the sum of
entries of the optimal solution of the dual problem.

In order to proceed, it is beneficial to recall some of the properties of optimal
solutions {yc}. The following chain of relations holds for all perfect matchings M
in G and all {yc} satisfying (D1) and (D2).

w(M) =) w(e)2¥ Yo ve=) IMnClyc®) ye. ()
(& C

eeM eeM  C containing e

where we use the fact that |[M N C| > 1 for each perfect matching M and each odd
cut C. See [23, p. 371].

If, in addition, M is a minimum weight perfect matching and y¢ is an optimal
dual solution, then the leftmost and the rightmost sides in (3) coincide, implying

wie)= >y (4)

C' containing e

for each e € M and
|M N C| =1 for each non-trivial odd cut C satisfying yo > 0. (5)

Analysis in [23, p. 372-374] shows that we may assume that there exists a family
H of subsets of V(G) which satisfies the conditions:

(P-1) H is nested in the sense that for any D,T € H either D C T or T C D or
DNT =0.

(P-2) H contains all singletons of V(G).

(P-3) if C is a non-trivial odd cut, then yo > 0 if and only if C' = 9D for some
D € H, where 0D stands for the edge boundary of D, that is, the set of edges
connecting D and V(G)\D.



Furthermore, [8, Theorem 5.20] and [22, Lemma 14.11] established that if the
weight function w satisfies w(uv) = d(u,v) for some metric d on V(G) and all
u,v € V(G), then there is an optimal dual solution satisfying also yo > 0 for all
odd cuts, including trivial ones.

These results will be applied to the weighted graph G = K ({z1,..., 20, Y1, -, Yn})
and the matching {x;y;}7,. We denote the matching {x;y;}", by M, the graph
K{x1,...,Tn, Y1, ,Yn}) by K(M,), and its vertex set by V.

Keeping the notation H for the obtained nested family of subsets of V,, satisfying
(P-1)—(P-3), we may and shall assume that  is a minimal family of subsets of V(G)
satisfying the conditions (P-1)—(P-3). To satisfy the condition (P-3), we can pick
only one out of each complementary pair of subsets of V(G). Therefore it may be
assumed that cardinalities of elements of H do not exceed n, and there is at most
one, if any, set in ‘H of cardinality n. With these assumptions the correspondence
between the edge boundaries of sets in ‘H and the cuts C' which are either trivial or
satisfy yo > 0 is bijective.

With this in mind, it is only a slight abuse of notation to denote, for a uniquely
determined D € H, the weight of D by yp, in particular, y, for a vertex v denotes
the weight of the trivial cut separating vertex v from the rest of V,, (in K (M,,)).

Our next goal is to construct 1-Lipschitz functions {¢;,}7 , satisfying the con-
ditions t;,(yi) — tin(z:) = d(zs,y:) and t;,(y;) — tin(x;) = 0, 4,5 € {1,...,n},
j # 1. Some features of this construction will be used to prove the inequality
|2 ()llre < N1 fllre-

Using the notation Bx(v,t) = {z € X : d(x,v) <t} for v > 0, we define, for
each ' € H, the set

Ur = | Bx (v, >, yD> : (6)

veF DCF, veDeH

Note that for a 1-element set F' = {v}, v € V,,, one has Ur = Bx(v,yr).

As a next step, we introduce three collections of 1-Lipschitz functions: ryg g :
X — Rand sy : X — R parameterized by A € R, § = £1, and H € H, and the
collection tp p parameterized by D, F' € H. Here is the definition of 7y g z:

raom(T) =X+ ijréig{max{(d(x, v) — Z yp),0}}. (7)

veEDCH, DeH

In the case where H = {v}, using the convention ), = 0, one has:

a0} () = A+ 0d(z,v).



Note that ry ¢ g is equal to A on |J 5 pewn Up- The function 7y g g is 1-Lipschitz
because d(x,v) is 1-Lipschitz and all operations which we apply to it, namely, max-
imum, minimum, multiplication with +1 and addition of a constant preserve this

property.

Now we define 1-Lipschitz functions sy py : X — R parameterized by A € R,
0 =41, and H € H:

sxont(r) = A+ O(min{min{max{(d(z,v) = > yp).0}Lyu}). (3

veEDCH, DeH

In the case where H = {v}, the definition means the following:

Sx0.{0}(®) = A+ 0min{d(z,v), y{} }-

Note that sy g is equal to A on UDgH, pen Up and to A+ 0yy outside Uy. The
function sy g g is 1-Lipschitz for the same reason as 7y p.

Now we start constructing functions ¢p r for different subsets D, F' € H. As an
initial point, let D = Dy = {«;}, F' = F = {y;}, and z;y; be an edge in the matching
M,,. In this case, we denote tp p also t; , because these 1-Lipschitz functions will be
the desired biorthogonal functionals for {s;}!" ;.

Let D1 = {z;} € Dy C D3 C --- € D, be elements of H, where D, is the
largest set in H containing x; but not containing ;. Assume also that this increasing
sequence is maximal in the sense that there is no J € H satisfying Dy C J C Djq.

Similarly, let Fy = {y;} € F, C F3 C --- C F,,, be a maximal increasing sequence
of sets in H with x; ¢ F,,.

We define:
ll7n(l') if lzm(l') <yp, +---+ YD,
tin(®) = § hin(z) if hin(x) >yp, +-+yb, 9)
Yp, - +Yb,, otherwise
where

ll,n<x> = min{TO)LDl (x)7TYD171’D2 (I>7 Typ,+yDy:1,D3 (‘T>7 R (10)

Typ, +typ,, ,1,Dr; (I)’
and

hlm(l‘) = maX{TYDl + YDy, FY s, 1 Fo, ()., (11)

"YD,+tyDy, Ay Py +ooty Fy =1 F (z), "Yp,++yDy, +YF, +oty Py =1 (=)}

It is not obvious that ¢;,, is well-defined, but it follows from the next argument
demonstrating that ¢;, is 1-Lipschitz.



Indeed, the functions [;,, and h;,, are 1-Lipschitz because they have been ob-
tained from 1-Lipschitz functions using the maximum and minimum operations. To
justify that ¢;,, is well-defined, it suffices to verify the 1-Lipschitz condition only for
z and y satisfying l;n(z) < yp, + -+ +yp, and hi,(y) > yp, + - +yp, . The
1-Lipschitz condition for such z and y guarantees that the inequalities I;,(z) <
yp, + - +yp, and h;,(z) > yp, + - +yp, cannot hold simultaneously for any
r € X, and, therefore, t;,, is well-defined. Also, the case l;,(v) < yp, +---+ YD,
and h;(y) > yp, +---+y D,, 1s the only one in which the 1-Lipschitz is not obvious.

Since all minima in the definitions above are over finite sets, we may, without
loss of generality, assume that that there exist k € {0,...,7; — 1} and u € Dy
such that

li,n(aj) = Typ,++yp;,,1,Dk 41 (ZE)
=yp, +- +yp, +max{(dzu) — Y yp)0y. (12

uEDng+1, DeH

Similarly, without loss of generality, we may assume that there exist m € {0, ..., 0;—
1} and w € F,, 11 such that

hin(y) = Typy+ 4Dy AV o, Y By = L P (z)

:yDl+.”+qu—1~+yFo-i+'..+yF7n+1

—max{(d(y,w)— Y yp),0}

weFCFy41, FEH

(13)

If both maxima in (12) and (13) are achieved at the first term, we get:

Rin(y) = lin(2) =YDy + -+ YD, T YR, T+ VP

+ >yt Y yp—du,z) —d(w,y)

’LUGFgFm+1, FeH UGDng+1, DeH

< d(u,w) —d(u,z) — d(w,y) < d(y,z),

where the first inequality in the last row uses inequality (D2) for the edge joining
uw and w.
If the maxima are equal to 0, we obtain:

hZ,n(y) - lzvn(l’) =YD, Tt YD, + YF,, YR S d(yv x)? (14)

where the ultimate inequality follows from the fact that

d(z,u) — Z yp <0

UEDng+1, DeH



implies that x is inside Up for some proper subset D C Dy, D € H. Similarly,

d<y7 U}) - Z Yr < 0

wngFm+1, FeH

implies that y is inside Ug for some proper subset F' C F, 1, F' € H. This implies
the inequality (14). “Mixed” cases can be treated in a “mixed” way.
Equation (9) allows to evaluate

tin(Yi) = tin(®:) =yp, + - +yp, +VF, + TV

On the other hand, (4) implies that this sum is equal to d(x;,y;).

For the sequel, representation of functions ¢;,, as sums of functions sy g are
needed. Next we claim that the following identity is true:

tin(x) = S0.1,0, (%) + S0.1,0,(x) + S01,04 () + -+ + 50,1,D,, (x)

15
+ SyFUi,—l,ng (IL') +---+ Syp,,—1,Fs (I’) + Syr,,—1,F1 (CL’) ( )

Its proof consists in checking that formulas (9) and (15) lead to the same values
on different pieces of the space:

 d(z,z;) on Up, = Bx(zi,yp,)
e min{ro1p, (x),ryDlﬁl,DQ(x)} on Up,
o min{ro1,p, (%), ryp 1,0,(T); Typ, +yp,,1,0,(7)} on Up,,
.
e [, on UD”,
® yp, + -+ +yp, on the complement of the set Up_ UUF, .
® hinonUp,,
.
° maX{TYDl‘f"“‘i‘}’DTi Y Fp, Y By = L (), Typ,+typ,, +yp,, +otyp — L ()} on U,
® Typ,+AyD,, HYFy, oty R L () on Up, = Bx(¥i,Yr,)-

To finalize the proof of biorthogonality of {t;,,s;}!, (see the paragraph preced-
ing (2)), let j # 4, j € {1,...,n}. By condition (5), x; € Dy implies y; € Dy, the
same for Fj,. Consequently, x; and y; satisfy exactly one of the following conditions:
(i) There is a unique k such that z;,y; € Dy, but not in Dj_4, (ii) There is a unique
k such that z;,y; € Fj, but not in Fj,_4, (iii) z;,y; ¢ D, UF,,. The biorthogonality
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condition ¢;,(xz; — y;) = 0 is clear in the case (iii). As the cases (i) and (ii) are
similar, only case (i) will be analyzed. Observe that U,y and Uy, are contained
in Up,. Also, the condition (4) implies that the sum of radii of the balls Uy, 3
and U,y does not exceed the distance between their centers, thus Uy, # Uy,
Combining definitions (8) and (6) of sy x and Up, respectively, one derives that
sxo.u(x) = sxom(y) = X for every z,y € Upcy Ur. Also, combining the defini-
tions (8) and (6), one obtains that syg.m(z) = sxg.u1(y) = A+ Oyy for z,y ¢ Uy.
Therefore, the equality sy mn(z;) = Saem(y;) holds for all A € R, § = %1, and
H e {Dy,...,D;, F,...,F,}. Hence t;,(x;) — tin(y;) = 0, this completes our
proof of biorthogonality of {t; ., s;}" ;.

Now, necessary preparations will be made for the proof of ||P.(f)||tc < ||f|lrc
for every f € TC(X) of the form f =1, —1, for w,z € X.

We start by picking one of the smallest D € H satisfying w € Up (ties may be
resolved arbitrarily) and one of the smallest F' € H satisfying z € Up. Note that it
is possible that w or z are not in Up for any D € H. Without loss of generality, the
possible options for D and F' can be listed as:

(a) DNF =10

(b) DCF

(c) D=F

(d) F is undefined; meaning that z is not contained in Uy for any H € H.

(e) D and F are undefined, that is, w and z are not contained in Uy for any H € H.

At this stage, it has to be proven that

Z tin(2) = tin(w)] < d(z,w). (16)

For the sequel, the following notation is needed: Ox(v,t) = {x € X : d(x,v) <

t} for vt > 0, and
IF = U OX (’U, Z yD) . (17)

veF DCF, veDeH

To prove (16) in Case (a), we use the following argument. Let Dg. ., be the
largest set in ‘H satisfying Dg(. ) 2 D and z ¢ [Dg(z,w)- Such set exists because z
cannot belong to Ip. In fact, in such a case the set Up intersects Ip. Juxtaposing
this observation with the definition of Up, the condition DNF = () and the condition
(D2), one obtains a contradiction. Similarly, we get that there exists the largest set
Fe(w,z) € H satisfying Fr,.) 2 F and w ¢ Ir,.,- Next, also, let D =Dy C Dy C

11



- C Dy and F'=Fy C Iy C -+ C F(w,) be the maximal chains of subsets in
H.

For this system of set we construct the corresponding functions ¢p g in the same
manner as t; ,:

tp,r(z) = 50,1,0,(T) + 50,1,0,(T) + 80,1,05(T) + +++ + S0,1,D5. .y (T)

+ SyFC(w,z)’il’FC(w,z) (:C) +oee Tt SyFQ’il’FQ <:C> + syFl’il’Fl (x)

(18)

The fact that tp p is 1-Lipschitz can be checked in the same way as for ¢;,,.

Note that each of the summands in the right-hand side of (18) appears in exactly
one of the sums in (15). It cannot be present in several because the vertex leading
to oddness of the cut related to a set H € H should be in the corresponding pair
{zi, vi}-

Therefore, on one hand,

tp.r(z) = ZtD7F7i(:1:), (19)

where tp gi(z) is the sum of those summands in (18) which are present in the
decomposition of ¢; ,,.
On the other hand, since tp r is 1-Lipschitz, one gets:

|tD7F(w) - tD,F(Z)| S d(w,z). (20)

As a result,

n

tp,r(z) —tpr(w) = Z(tD,F,z'(Z) — tp,ri(w))

=1

= |tp.ri(2) — tpri(w)|
=1

- Z |tin(2) = tim(w)].

The latter equalities have been established with the help of the following obser-
vations: (1) All summands in (18) have larger value at z than at w; (2) All other
functions of the form sy ¢ y have the same values at z and w.

The statement (2) is obvious for those H € H for which I does not contain any
of w and z since s gy is constant outside [p.

The function sy is also constant on the set | DCH,DeH Up, yielding that
s$xo,(w) # $xp.m(2) may hold only if either one of w,z is in Upcy pey Up and
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the other is not, or at least one of them is in Iy\|Jpcy pey Up- In both cases,
sxo.n has to be present in the corresponding sum introduced in cases (a)-(e).

Case (b): Consider the maximal increasing sequence of sets in ‘H of the form
D=D,CDyC---CD,=F. Construct the function ¢p p and complete the proof
as will be described in Case (d).

Case (c): In this case, define tpr as so1.p and use a simpler version of the
argument of Cases (a) and (b).

In Case (d), consider the maximal increasing sequence of sets in ‘H of the form
D:Dl g D2 g g Dﬁ(z,w)‘

Form the function ¢p r as in the first line of (18), and repeat the same argument
as in Case (a).

In Case (e), tin(w) = t;,(2) for every i, whence the conclusion follows. This
completes our proof of Lemma 2.1. n

Now we shall use this result to prove Theorem 1.3.

Proof. Let a metric space X be such that TC(X) contains a linear isometric copy
of £1. By Theorem 1.2, this implies that there exists a sequence of pairs {z;, y;}52,
in X, with all elements distinct, such that each set {x;y;}" , of edges is a minimum
weight perfect matching in the graph K ({x;, y;}" ;).

For each n € N, find functionals {t;,}" ; by applying Lemma 2.1. The next
step in the proof is to define 1-Lipschitz functions {¢;}°, on X as weak® limits of
the sequences {t;,}2,. More precisely, we pick a free ultrafilter & on N and let
ti = w* — lim;y t;,,. (We may understand the limit as pointwise after replacing
the functions t;, with ¢;,(z) — t;,,(O) for some base point O.) Then, we define
a mapping P : TC(X) — lin({s;}32,) by P(f) = > =, t:(f)s;, where lin({s;}3°,)
denotes the closure of the linear span of the sequence {s;}°;.

The fact that the sequence {s;}22, is isometrically equivalent to the unit vector
basis of ¢; was observed in [22] (and is easy to check).

Therefore, to justify that the map P is well-defined and at the same time it is a
projection of norm 1, it suffices to show that for any m € N, there holds:

m

> tilf)ss

i=1

< | fllrc-
TC

However, this is true because, by Lemma 2.1,

< [|fllre
TC

D tin(f)ss

i=1

‘ m

and, in addition, Y ", #;(f)s; is a (strong) limit of Y"1 ¢; ,(f)s; as n — oo through
U. O
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