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Chapter 12: Constructability

1. Determine which of the following numbers are constructible.

(a) 1√
3+
√
2

(b) 6
√

79

(d) 16
√

79

(j) cos 51◦

(l) cos 10◦

(n) 11
3
2

Answer:

(a) First, 3 +
√

2 is constructible since it is in Q(
√

2). Since square roots and quotients

of constructible numbers are constructible (Theorem 12.2.15 and Corollary 12.2.7),

1√
3+
√
2

is constructible.

(b) It is not constructible. Suppose it was. Then 79
1
6 ·79

1
6 = 79

1
3 would be constructible

(since the constructible numbers are a field (Theorem 12.2.10)), which would imply that

the cubic polynomial x3 − 79 has a constructible root. But then x3 − 79 would have

a rational root (Theorem 12.3.22) and, using the Rational Roots Theorem (8.19), any

rational root would have to be an integer. However, this is impossible since 33 is less

than 79 and 43 is greater than 79, so x3 − 79 has no integer roots.

(d) This is constructible. Since 79 is constructible, repeatedly applying the fact that

the square root of a constructible number is constructible (see Theorem 12.2.15) shows

that 16
√

79 is constructible.

(j) This is constructible, since cos 51◦ is constructible if 51◦ is a constructible angle

(Theorem 12.3.13), and 51◦ is a constructible angle since 51 is a multiple of 3 (Theorem

12.4.13).

(l) This is not constructible, since, if it was, then 10◦ would be a constructible angle

(Theorem 12.3.13), but 10◦ is not a constructible angle since 10 is not a multiple of 3.
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(n) This is constructible. Since 113 is an integer, it is constructible, and then, since

the square root of a constructible number is constructible (Theorem 12.2.15), 11
3
2 is

constructible.

2. Determine which of the following angles are constructible.

(a) 6◦ (i) 92.5◦ (j) 37.5◦

Answer:

(a) This is constructible, since 6 is a multiple of 3 (Theorem 12.4.13)

(i) This angle is not constructible. Suppose it was. Then doubling this would produce

a constructible angle (Corollary 12.1.7), but an angle of 185◦ is not constructible, since

185 is not a multiple of 3 (Theorem 12.4.13).

(j) This angle is constructible. A 75◦ angle is constructible because it is a multiple of 3

(Theorem 12.4.13). Since 37.5◦ is half of 75◦, it is also constructible (Theorem 12.1.4).

3. Determine which of the following angles can be trisected.

(a) 12◦

Answer: (a) This angle cannot be trisected. Suppose it could. Then, since an angle

of 12◦ is constructible, trisecting it would show that an angle of 4◦ is constructible.

However, 4 is not a multiple of 3, so it is not possible to construct an angle of 4◦

(Theorem 12.4.13).

4. Determine which of the following polynomials have at least one constructible root.

(a) x4 − 3

(c) x4 +
√

7x2 −
√

3− 1

(f) x3 − 2x− 1

(j) 2x3 − 4x2 + 1
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Answer:

(a) This polynomial has a constructible root. Since 3 is constructible and the square

root of a constructible number is constructible (Theorem 12.2.15), it follows that
√

3

is constructible and x =
√√

3 = 4
√

3 is constructible, which satisfies x4 − 3 = 0.

(c) This polynomial has a constructible root. To see this, note that x is a root of

this polynomial if y = x2 and y is a root of the polynomial y2 +
√

7y −
√

3 − 1. By

the Quadratic Formula (Problem 6 in Chapter 9), y0 = −
√
7+
√

11+4
√
3

2 is a root of

this new polynomial. Since the square root of a constructible number is constructible

(Theorem 12.2.15) and the constructible numbers form a field (Theorem 12.2.10), y0 is

constructible. Also, y0 is positive. The positive square root of y0 is then a constructible

root of the original polynomial.

(f) Clearly, −1 is a constructible root of this polynomial. (If it has a constructible

root, it must have a rational root (Theorem 12.3.22). By the Rational Roots Theorem

(8.1.9), such a root would have to be ±1.)

(j) If it had a constructible root, then it would have a rational root (Theorem 12.3.22).

By the Rational Roots Theorem (8.1.9), such a root would have to be ±1 or ±1
2 .

Substituting these numbers into the polynomial shows that none of them are roots.

Therefore the polynomial does not have a constructible root.

5. Determine which of of the following regular polygons can be constructed with straightedge

and compass.

(a) A regular polygon with 14 sides.

(d) A regular polygon with 240 sides.

Answer:

(a) Such a polygon cannot be constructed. If it could, then a regular polygon with

7 sides would be constructible (Theorem 12.4.7)). However, a regular polygon with 7

sides is not constructible (Theorem 12.4.12).

(d) Such a regular polygon can be constructed. First note that a regular polygon with

120 sides can be constructed, since its central angle is 360
120 = 3 degrees, and so it is
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constructible (the central angle is constructible by Theorem 12.4.13, and this implies

that the polygon is constructible, by Theorem 12.4.5). Thus, a regular polygon with

2(120) = 240 sides is constructible (Theorem 12.4.7).

7. True or False:

(a) If the angle of θ degrees is constructible and the number x is constructible, then the

angle of x · θ degrees is constructible.

(d) There is an angle θ such that cos θ is constructible, but sin θ is not constructible.

Answer:

(a) False. For example, an angle of 30 degrees is constructible, and the number 2
3 is

constructible, but an angle of 20 degrees is not constructible (Theorem 12.3.23).

(d) This is false. Suppose cos θ is constructible. Then, since the constructible numbers

are a field, 1−cos2 θ is also constructible. Since sin2 θ = 1−cos2 θ, it follows that sin2 θ

is constructible. Since the square root of a constructible number is constructible, sin θ

is constructible (both
√

sin2 θ and −
√

sin2 θ are constructible).

9. Determine which of the following numbers are constructible.

(b) sin 75◦

Answer:

(b) This is constructible. Since 75 is a multiple of 3, 75◦ is a constructible angle

(Theorem 12.4.13), and therefore cos(75◦) is a constructible number (Theorem 12.3.13).

Since sin2(75◦) = 1−cos2(75◦), it follows that sin2(75◦) is constructible, and so sin(75◦)

is constructible as well.

10. Determine which of the following numbers are constructible. (The angles below are in

radians.)

(b) cosπ
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Answer:

(b) Since cosπ = −1, it is a constructible number.

11. (b) Prove that the side of a cube with volume a natural number n is constructible if and

only if n
1
3 is a natural number.

Answer:

(b) If the side of a cube with volume n is constructible, then n
1
3 is a constructible

number, so x
1
3−n has a constructible root, and therefore it has a rational root (Theorem

12.3.22). By the Rational Roots Theorem (8.1.9), such a root must have denominator 1

(if it is in lowest terms), so it has to be an integer. It also has to be positive, since n

is positive. Therefore, if x
1
3 − n has a constructible root, then it has a root which is a

natural number, so n
1
3 (the real cube root of n) is a natural number.

12. Using mathematical induction, prove that, for every integer n ≥ 1, a regular polygon with

3 · 2n sides can be constructed with straightedge and compass.

Answer: For the case n = 1, the central angle of a regular polygon with 6 sides

is 360
6 = 60 degrees which is constructible (Theorem 12.3.14). Therefore a regular

polygon with 6 sides is constructible (Theorem 12.4.5). Now let k be any natural

number and assume that a regular polygon of 3 · 2k sides is constructible. Then, by

Theorem 12.4.7, a regular polygon of 2 · (3 · 2k) = 3 · 2k+1 sides is constructible, and

the result follows by induction.

13. Prove that, given a regular polygon, its center can be constructed using only a straightedge

and compass.

Answer:

Let two adjacent sides of the polygon be labelled AB and BC. As shown in the diagram

below, construct perpendicular bisectors of the two sides. Let D denote the midpoint
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between A and B, and let E denote the midpoint between between B and C. Let O

be the point of intersection of the two perpendicular bisectors.

A C

B

D E

O

We will show that O is the center of the polygon (i.e., it has the same distance

from each vertex). Join O to B by a line segment. This creates triangles DOB and

EOB as shown in the diagram. Each of these triangles is a right triangle. They share

the side BO, and the length of BE is the same as the length of BD (each is half of a

side of the given regular polygon). By the Pythagorean Theorem (11.3.7), their third

sides have equal length. Thus these two triangles are congruent (by side-side-side,

Theorem 11.1.8). Join O to C by a line segment. This creates a right triangle EOC

which is congruent to the triangle EOB since they share the side EO and have second

sides BE and EC of equal length. Thus OC = OB.

A C

B

D E

O

F

G

Let the other vertex of the regular polygon which is adjacent to C be F , and let G be

the midpoint of CF . We must show that OF is equal to OC. From the congruence of

triangles DOB and EOB, we have ∠OBD = ∠OBE. Thus ∠OBE is one half of the

angle between adjacent sides of the original polygon. Moreover, from the congruence of

triangles EOC and EOB, it follows that ∠OCE is also half of the angle of the regular

polygon. Therefore, ∠OCG is equal to ∠OCE. Then by side-angle-side (11.1.2),

4EOC is congruent to 4GOC. It follows that ∠OGC = 90◦, and since ∠OGF sums

with ∠OGC to a straight angle, it is also 90◦. Since the right triangles GOC and

GOF share the side OG, and have second sides CG and GF of equal length, they
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are congruent to each other. Thus, OF = OC, and all the right triangles DOB,

EOB, EOC, GOC, and GOF are congruent to each other. This process can then be

continued by letting H be the other vertex adjacent to F , and repeating the above.

14. Prove that an acute angle cannot be trisected with straightedge and compass if its cosine

is:

(a) 3
7

Answer:

(a) Since the cosine of the given angle is a constructible number, it follows that the angle

itself is constructible (Theorem 12.3.13). If the angle could be trisected, then there

would be a constructible acute angle θ such that cos 3θ = 3
7 . We use the trigonometric

identity cos 3θ = 4 cos3 θ − 3 cos θ (Theorem 12.3.16). If θ were constructible, then

cos θ would be a constructible root of 4x3 − 3x− 3
7 . Then 4x3 − 3x− 3

7 would have a

rational root (by Theorem 12.3.22). Multiplying the polynomial by 7, it follows that

the polynomial 28x3 − 21x − 3 would have a rational root. By the Rational Roots

Theorem (8.1.9), such a root (in lowest terms) would have to have numerator ±1 or

±3 and denominator ±1, ±2, ±4, ±7, ±14, or ±28. Checking all the possibilities

individually shows that none of them are roots.

15. Can a polynomial of degree 4 with rational coefficients have a constructible root without

having a rational root?

Answer: Yes. An example is the polynomial x4−2. Since square roots of constructible

numbers are constructible, 2
1
2 is constructible, and then (2

1
2 )

1
2 = 2

1
4 is constructible.

Thus, the polynomial x4− 2 has a constructible root. By the Rational Roots Theorem

(8.1.9), if x4 − 2 has a rational root it must be ±1 or ±2, but none of these are roots,

so it has no rational roots.



8

16. Prove that the following equation has no constructible solutions:

x3 − 6x+ 2
√

2 = 0.

[Hint: You can use Theorem 12.3.22 if you make an appropriate substitution.]

Answer:

Suppose r is a constructible solution. Since
√

2 is constructible and the constructible

numbers form a field, r√
2

would then be constructible. Let t = r√
2
. Then r = t

√
2, and

so there is a constructible number t such that (t
√

2)3 − 6t
√

2 + 2
√

2 = 0. It follows

that t32
√

2 − 6t
√

2 + 2
√

2 = 0, so
√

2(2t3 − 6t + 2) = 0, and thus 2t3 − 6t + 2 = 0.

Therefore the polynomial 2x3−6x+2 has a constructible root, and so it has a rational

root (Theorem 12.3.22). The Rational Roots Theorem (8.1.9) implies that such a root

has to be ±1, ±2, or ±1
2 . Substituting these numbers into the equation shows that

none of them are roots. It follows that there can be no such r.

17. Let t be a transcendental number. Prove that
{

(a+ bt) : a, b ∈ Q
}

is not a subfield of R.

Answer:

Suppose it was a subfield of R. The set contains t = 0+1 ·t, so if it was a field, it would

also contain t2. Then t2 = a+bt for some a, b ∈ Q. This implies that t2−bt−a = 0, so

t is a root of the polynomial x2−bx−a. Since this polynomial has rational coefficients,

this contradicts the fact that t is transcendental (multiplying through by the product

of the denominators of b and a gives a polynomial with integer coefficients which has

t as a root).

20. Is
{
a
√

2 : a ∈ Q
}

a subfield of R?

Answer: No. For example, it does not contain 1. For if 1 = a
√

2 with a rational, then

a 6= 0 and 1
a =
√

2, which contradicts the fact that
√

2 is not rational (Theorem 8.2.2).
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21. Is the set of all towers countable? (Recall that a tower is a finite sequence of subfields of R,

the first of which is Q, such that the other subfields are obtained from their predecessors

by adjoining square roots.)

Answer: Yes, by the Enumeration Principle (10.3.16). Each tower can be labelled by

a finite sequence from the set {0, 1, 2, . . . , 9,
√

, /,−,+, , }. Begin by putting the first

square root adjoined, then a comma, then the second square root adjoined (which may

be a square root of any positive number already in the tower), then a comma, and then

the third and so on.

22. Prove the following.

(a) If x0 is a root of a polynomial with coefficients in F(
√
r), then x0 is a root of a

polynomial with coefficients in F .

(b) Every constructible number is algebraic.

Answer:

(a) Let x0 be a root of a polynomial with coefficients in F(
√
r). Then there are ai and

bi in F and a natural number n such that

(an + bn
√
r)xn0 + · · ·+ (a1 + b1

√
r)x0 + (a0 + b0

√
r) = 0.

Then

anx
n
0 + · · ·+ a1x0 + a0 = −(bn

√
rxn0 + · · ·+ b1

√
rx1 + b0

√
r)

= −
√
r(bnx

n
0 + · · ·+ b1 + b0)

so

(anx
n
0 + · · ·+ a1x0 + a0)

2 = r(bnx
n
0 + · · ·+ b1x+ b0)

2.

Since r is in F and all the ai and bi are in F , then squaring both sides, bringing

everything over to one side, collecting terms, and replacing x0 by a variable x gives a

polynomial with coefficients in F which has x0 as a root.

(b) If x0 is a constructible number, then either it is rational (in which case we are

done) or it is in some field F(
√
r) which is at the end of a tower (Theorem 12.3.12).
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Then x0 is a root of the polynomial x − x0, which has coefficients in that F(
√
r).

Applying part (a) of this problem shows that x0 is also a root of a polynomial that has

coefficients in F . If F is not Q, then we can apply part (a) again to show that x0 is a

root of a polynomial with coefficients in the predecessor of F in the tower. Continuing

this process a finite number of times shows that x0 is a root of a polynomial with

coefficients in Q, and hence x0 is algebraic. (A more formal proof would use induction

on the length of the tower.)

27. Suppose that regular polygons with m sides and n sides can be constructed, and m and n

are relatively prime. Prove that a regular polygon of mn sides can be constructed.

[Hint: Use central angles and use the fact that a linear combination of m and n is 1.]

Answer: By Theorem 12.4.5, the central angles of the two given regular polygons are

constructible. That is, angles of 360
m and 360

n degrees are constructible. Since m and

n are relatively prime, there are integers s and t such that sm + tn = 1 (see page 50

of Chapter 7). Then one of s and t is positive and the other is negative. Assume

that s is positive (if not, simply interchange the roles of s and t, and m and n, in the

proof below). By placing s angles of size 360
n appropriately adjacent to each other, it

is possible to construct an angle of 360
n · s degrees. Similarly, it is possible to construct

an angle of 360
m · |t| degrees. Since 360

mn = 360(sm+tn)
mn = 360sm+360tn

mn = 360
n s + 360

m t =

360
n · s −

360
m · |t|, it follows that it is possible to construct an angle of 360

mn degrees (by

“subtracting” an angle of 360
m · |t| degrees from one of 360

n · s degrees). Therefore, the

central angle of a regular polygon with mn sides is constructible, and thus, a regular

polygon of mn sides is constructible (Theorem 12.4.5).

29. (Very challenging) Prove that you cannot trisect an angle by trisecting the side opposite

the angle in a triangle containing it. That is, prove that, if ABC is any triangle, there do

not exist two lines through A such that those lines trisect both the side BC of the triangle

and the angle BAC of the triangle.
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[Hint: Suppose that there do exist two such lines. The lines then divide the triangle into

three sub-triangles. One approach uses the easily established fact that all three sub-triangles

have the same area.]

Answer: Let an arbitrary triangle ABC be given. Suppose there exist lines AD and

AE, as pictured in the diagram, so that ∠BAD is equal to ∠DAE and ∠EAC. Also

suppose that the line segment BD is equal to the line segments DE and EC.

B C

A

D E

We want to show that this is impossible. To establish that, we will show that the above

would imply that the three triangles ABD, ADE, and AEC are all congruent to each

other, after which we will demonstrate that that is not possible.

Take the base of each sub-triangle to be its side along BC so that its height is the

height of triangle ABC. Then the length of the base of each sub-triangle is 1
3 of BC,

and the heights are the same, so the sub-triangles all have the same area.

We now want to show that if two triangles agree in angle-side and have equal

areas, then they are congruent. Suppose we are given fixed points G and H, and an

angle at G, as pictured below.

G I

H

h

Each point I on the other side of G determines a unique triangle GHI. Let h denote

the height of the triangle to the base GI. The height h is the same regardless of the

position of I on the line. Since the area of the triangle GHI is 1
2 of the product of h

and the length of GI, the length GI is uniquely determined by the area of the triangle.
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Thus, any two triangles that agree in angle-side and area also have the same second

side, GI, and therefore are congruent by side-angle-side (11.1.2).

The triangles ABD and AEC both agree in angle-side with the triangle ADE,

so it follows from what we have shown so far that all three triangles are congruent.

Therefore, ∠ADE is equal to either ∠ABD or ∠ADB. It is not possible that ∠ADE =

∠ABD, since ∠ADE sums with ∠ADB to a straight angle, while ∠ABD sums with

∠ADB and ∠DAB to a straight angle. Thus, ∠ADE = ∠ADB. Similarly, ∠AED =

∠AEC. Since ∠ADE + ∠ADB = 180◦ = ∠AED + ∠AEC, it follows that ∠ADE =

∠ADB = ∠AED = ∠AEC = 90◦. However, ∠ADE and ∠AED are two angles in the

triangle AED, so their sum plus ∠DAE is a straight angle. This contradicts the fact

that their sum was already 180◦.


