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3. In the given diagram, the line segment BD is perpendicular to the line segment AC, the

length of AM is equal to the length of MC, the measure of ∠C is 35◦ and the measure of

∠FAD is 111◦.

(a) Prove that triangle ABM is congruent to triangle CBM .
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Answer: (a) It is given that CM = MA, and the triangles ABM and CBM have the

side MB in common. Since DB is perpendicular to CA, ∠CMB = 90◦ = ∠AMB.

Therefore, by side-angle-side (11.1.2), 4ABM is congruent to 4CBM .

4. Prove that two right triangles are congruent if they have equal hypotenuses and a pair of

equal legs.

Answer: If h is the length of the hypotenuses and a is the length of the equal legs, then,

by the Pythagorean Theorem (11.3.7), the lengths of the other legs are both equal to

the square root of h2 − a2. Thus, by side-side-side (Theorem 11.1.8), the triangles are

congruent.
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5. A quadrilateral is a four-sided figure in the plane. Prove that the sum of the angles of a

quadrilateral is 360 degrees.

Answer: Connect two opposite vertices of the quadrilateral by a line segment, dividing

the quadrilateral into two triangles.

It is apparent that the sum of the angles of the quadrilateral is equal to the sum of the

angles of the two triangles. Since the sum of the angles of each of the triangles is 180

degrees (Theorem 11.2.5), the sum of the angles of the quadrilateral is 360 degrees.

7. Prove that if two angles of a triangle are equal, then the sides opposite those angles are

equal.

Answer: Let ABC be a triangle with ∠ABC = ∠ACB. Draw the bisector of ∠BAC

and let its point of intersection with BC be D.
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Then triangles BAD and CAD have two pairs of equal angles and also have a side

in common, AD. It follows that these triangles are congruent by angle-angle-side

(Corollary 11.2.7) and, thus, that the corresponding sides AB and AC are equal.
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9. A parallelogram is a four-sided figure in the plane whose opposite sides are parallel to each

other. Prove the following:

(b) The area of a parallelogram is the product of the length of any side and the length of

a perpendicular to that side from a vertex not on that side.

Answer: (b) Let the parallelogram be ABCD, as pictured below. Drop a perpen-

dicular from B to the side AD and call E the point of intersection with the side.

Drop a perpendicular from C to the extension of the side AD and call the point of

intersection F .

A

B C

DE F

Since AD is parallel to BC, the length BE is equal to the length CF (Lemma 11.3.9).

Also, since AB is parallel to DC, the corresponding angles BAE and CDF are equal

to each other (Theorem 11.2.3). Thus, triangles ABE and CDF are right triangles

that are congruent to each other by angle-angle-side (Corollary 11.2.7). It follows that

the area of triangle ABE is equal to the area of triangle CDF , and therefore that the

area of the original parallelogram ABCD is equal to the area of the rectangle BCFE,

and this is the product of the length of BC and the length of CF .

11. A square is a four-sided figure in the plane all of whose sides are equal to each other and all

of whose angles are right angles. The diagonals of the square are the lines joining opposite

vertices. Prove that the diagonals of a square are perpendicular to each other.

Answer: Let the vertices of the square be A,B,C,D. Draw the diagonals, which are

line segments AC and BD, and label their intersection by O, as shown in the diagram

below.
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Then 4ABD is isosceles, so ∠ABD = ∠ADB (Theorem 11.1.4), and, since ∠BAD =

90◦, ∠ABD = 45◦ (since the sum of the angles of triangle ABD is 180◦). The same

argument applied to the isosceles triangles ACB, CDA and BDC shows that the

triangles BCO, BAO, CDO, and DAO, all have both of their “base angles” (those

angles for which one side is a side of the square) equal to 45◦. Therefore, the remaining

angle in each triangle is 90◦, from which it follows that each of the angles BOC, BOA,

DOC, and DOA is 90 degrees.

13. Give an example of two triangles that agree in “angle-side-side” but are not congruent to

each other.

Answer: Start with an isosceles triangle, ABC, where AB = BC. Extend AC past C

to a point D. Connect D and B.

B

A C D

Then triangles ABD and CBD share the angle ADB and the side BD. Since BA =

BC, the triangles ABD and CBD agree in angle-side-side. However, they are obviously

not congruent.
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15. Prove the converse of the Pythagorean Theorem; i.e., show that if the lengths of the sides

of a triangle satisfy the equation a2 + b2 = c2, then the triangle is a right triangle.

A B
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Answer: Let a triangle be given with sides a, b, and c satisfying the equation. Take a

line segment AB such that the length of AB is a. Then draw a line segment perpendic-

ular to AB at the point B and extend it to a point C such that the length of BC is b.

Connecting C to A by a line segment creates a right triangle ABC (since ∠ABC is 90◦

by construction). By the Pythagorean Theorem (11.3.7), the square of the length of

the side of CA is c2, so the length of CA is c. Thus, 4ABC agrees with the originally

given triangle in side-side-side, so those two triangles are congruent (Theorem 11.1.8).

Therefore the angles of the two triangles are equal to each other and, in particular,

one of the angles of the original triangle is 90 degrees.

17 . (This problem generalizes the result of Theorem 11.3.12.) Prove that the measure of an

angle inscribed in a circle is one half the measure of the arc cut off by the angle. That is,

in the diagram below, the number of degrees of ∠BAC is half the number of degrees in the

arc BC. (The number of degrees in a full circle is 360, and the number of degrees in any

arc of a circle is the product of 360 and the length of that arc divided by the circumference

of the circle.)

A
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Answer: First consider the special case where AC is a diameter of the circle. Let O be

the midpoint of AC, which is the center of the circle. Draw a line segment connecting

O to B. Then ∠BOC +∠BOA = ∠BAO +∠BOA+∠ABO (since the sums are both

180◦). It follows that ∠BOC = ∠BAO + ∠ABO. Since AC is a diameter, BO = AO,

as they are both radii of the circle. Thus, 4ABO is isosceles, from which it follows

that ∠BAO = ∠ABO (Theorem 11.1.14). Therefore ∠BOC is twice ∠BAO.

A
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Thus we have shown that ∠BAC is half of ∠BOC. The proof of this special case,

where one side is a diameter, will be complete if we show that the measure of ∠BOC

is the same as the measure of the arc BC. But this follows immediately from the fact

that the measure of the central angle BOC is the same fraction of a full rotation of

360 degrees as the fraction that the measure of the arc BC is of the full circle of 360

degrees. This establishes the special case where one side of the angle is a diameter of

the circle.

We now consider the case where AC is not a diameter of the circle, which we

divide into several sub-cases. Draw a diameter of the circle from A. Suppose that this

diameter is below AC, so that it intersects the circle across from A at a point D below

C and below B (that is, outside of the angle BAC).
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By the previous case, the number of degrees of ∠BAD is half the number of degrees

in the arc BD, and the number of degrees of ∠CAD is half the number of degrees in

the arc CD. Since ∠BAC = ∠BAD−∠CAD, the number of degrees in ∠BAC is half
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the number of degrees in the arc BD minus half the number of degrees in the arc CD,

which is half the number of degrees in BD−CD, which is half the number of degrees

in BC. Since rotating, flipping, and interchanging B and C does not change the angle,

this proof also applies to the case where D is above both C and B.

The remaining case to consider is the one in which the diameter is above AC but

below AB, intersecting the circle at a point D between B and C.

A

B

C

D

Then the measure of the angle BAC is the measure of ∠BAD plus the measure of

∠DAC, which is one half of the number of degrees in the arc BD plus one half the

number of degrees in the arc DC, which is one half of the number of degrees in the arc

BC. Thus, in all cases, the measure of an angle inscribed in a circle is one half of the

measure of the arc cut off by the angle.


