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Chapter 10: Sizes of Infinite Sets

1. Show that the set of all polynomials with rational coefficients is countable.

Answer: A polynomial with rational coefficents can be written in the form anx
n +

an−1x
n−1+· · ·+a1x+a0, where the ai are rational numbers and n is a natural number or

0. We use the Enumeration Principle (10.3.16). Let L = Q∪{xn : n ∈ N}∪{+}. Then

L is a union of a finite number of countable sets and is therefore countable (Theorem

10.2.10). Each polynomial is uniquely labeled by a finite sequence of elements of L by

simply writing it in the usual way. The Enumeration Principle then gives the result.

2. Suppose that the sets S, T and U satisfy S ⊂ T ⊂ U , and that |S| = |U|. Show that T has

the same cardinality as S.

Answer: Let f : S → T be defined by f(s) = s for all s ∈ S. Then f is a one-to-one

function from S into T , so |S| ≤ |T |. Similarly if g : T → U is defined by g(t) = t,

then g is a one-to-one function from T into U , so |T | ≤ |U|. Therefore, |S| ≤ |T | ≤ |U|.

Since |S| = |U| this is equivalent to |S| ≤ |T | ≤ |S|. By the Cantor-Bernstein Theorem

(10.3.5), this implies that |S| = |T |.

4. Assume that |A1| = |B1| and |A2| = |B2|. Prove:

(a) |A1 ×A2| = |B1 ×B2|.

Answer: (a) By the hypothesis, there exist functions f : A1 → B1 and g : A2 → B2 that

are both one-to-one and onto. Let h : A1 ×A2 → B1 ×B2 be defined by h((a1, a2)) =

(f(a1), g(a2)). To show that h is one-to-one, suppose that h((a1, a2)) = h((a3, a4)).

Then f(a1) = f(a3), so a1 = a3, since f is one-to-one. Similarly, g(a2) = g(a4), so
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a2 = a4 since g is one-to-one. Thus, (a1, a2) = (a3, a4), and so h is one-to-one. To show

that h is onto, let (b1, b2) be any element of B1 × B2. Then there exist a1 ∈ A1 and

a2 ∈ A2 such that f(a1) = b1 and g(a2) = b2, since f and g are both onto. Therefore

h((a1, a2)) = (b1, b2), which proves that h is onto. Thus, h is one-to-one and onto.

6. What is the cardinality of the set of all functions from N to {1, 2}?

Answer: We show that the cardinality is c, by observing that this set is essentially the

set of characteristic functions. As shown in Theorem 10.3.32, the set of characteristic

functions with domain N has the same cardinality as P(N). The given set has the same

cardinality as the set of characteristic functions on N since a one-to-one onto function

is given by sending a characteristic function f to the function g defined by g(x) = 1 if

f(x) = 0 and g(x) = 2 if f(x) = 1. The proof is completed by noting that |P(N)| = c

(Theorem 10.3.28).

9. Suppose that S and T each have cardinality c. Show that S ∪ T also has cardinality c.

Answer: We use T \S to denote the set of all x in T such that x is not in S. Note that

the set S ∪T is equal to the set S ∪ (T \S). (We use T \S rather than T because T \S

is always disjoint from S.) Since S has cardinality c, there is a one-to-one function f

mapping S onto [0, 1] (Theorem 10.3.8). As T \ S is a subset of T , it has cardinality

at most c. Thus, there is a one-to-one function g mapping T \ S into [2, 3].

Since [0, 1] ∪ [2, 3] ⊂ R,
∣∣[0, 1] ∪ [2, 3]

∣∣ ≤ c. A one-to-one function from S ∪ (T \ S)

into [0, 1] ∪ [2, 3] is given by sending x to f(x) if x is in S and x to g(x) if x is in

T \S. (This is where we use the fact that S and T \S are disjoint; otherwise, the new

function would not be well-defined.) Thus,
∣∣S ∪ (T \ S)

∣∣ ≤ c. Since S is a subset of

S ∪ (T \ S),
∣∣S ∪ (T \ S)

∣∣ ≥ c. Therefore, by the Cantor-Bernstein Theorem (10.3.5),∣∣S ∪ (T \ S)
∣∣ = c.
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10. What is the cardinality of R2 =
{

(x, y) : x, y ∈ R
}

(the Euclidean plane)?

Answer: We have already seen that the cardinality of the unit square, [0, 1]× [0, 1], is

c (Theorem 10.3.30) and that |R| =
∣∣[0, 1]

∣∣ (Theorem 10.3.8). It follows from Prob-

lem 4(a) that
∣∣R2

∣∣ = |R× R| =
∣∣[0, 1]× [0, 1]

∣∣ = c.

11. What is the cardinality of the set of all complex numbers?

Answer: A one-to-one function mapping R2 onto C is given by f(a, b) = a+ bi. Thus,∣∣R2
∣∣ = |C|, and it follows from Problem 10 that |C| = c.

14. What is the cardinality of the unit cube, where the unit cube is
{

(x, y, z) : x, y, z ∈ [0, 1]
}

?

Answer: We have seen that the cardinality of the unit square, [0, 1]×[0, 1], is c (Theorem

10.3.30), which is also the cardinality of [0, 1] (Theorem 10.3.8). The unit cube can be

regarded as
(
[0, 1] × [0, 1]

)
× [0, 1]. Therefore, it follows from Problem 4(a) that the

cardinality of the unit cube is c.

15. What is the cardinality of R3 =
{

(x, y, z) : x, y, z ∈ R
}

?

Answer: The cardinality of R3 is c. By Problem 10, the cardinality of R2 is c. Since

R3 = R2 × R, it follows from Problem 4(a) that
∣∣R3

∣∣ =
∣∣R2 × R

∣∣ =
∣∣R× R

∣∣ = c.

19. Find the cardinality of the set
{

(x, y) : x ∈ R, y ∈ Q
}

.

Answer: The cardinality is c. To see this, let S = {(x, y) : x ∈ R, y ∈ Q}. Since

S ⊂ R2, |S| ≤ c. However, {(x, 0) : x ∈ R} is a subset of S and it has cardinality

c (since the mapping f that sends (x, 0) to x is clearly a one-to-one mapping of this

set onto R). Therefore, c ≤ |S| ≤ c and it follows by the Cantor-Bernstein Theorem

(10.3.5) that |S| = c.
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20. What is the cardinality of the set of all numbers in the interval [0, 1] that have decimal

expansions that end with an infinite sequence of 7’s?

Answer: There are two easy natural proofs of the fact that the cardinality of this set

is ℵ0. For the first proof, simply note that every element of the set is rational, so the

set is a subset of the set of rational numbers, which finishes the proof. Alternately,

the result is a very straightforward application of the Enumeration Principle (10.3.16),

since each element x in the set can be labeled .a1a2a3 . . . an, where an is the last digit

in the decimal expansion of x before the infinite sequence of 7’s, and each ai is in

{0, 1, 2, 3, 4, 5, 6, 7, 8, 9}.

22. Suppose that T is an infinite set and S is a countable set. Show that S ∪ T has the same

cardinality as T .

Answer: Since T is infinite, it has a countably infinite subset (Theorem 10.3.24).

Denote one such by A = {a1, a2, . . . }. Since S is countable, it can be enumerated

S = {b1, b2, . . . }. Assume first that S and T are disjoint. A one-to-one onto function

f : T → T ∪ S can then be defined by f(x) = x if x 6∈ A, f(ai) = a i
2

if i is even, and

f(ai) = b i+1
2

if i is odd. To show that f is onto, first note that if x is in T but is not

in A, then f(x) = x. If x is an element ai of A, then f(a2i) = x. If x is an element

bi of S, then f(a2i−1) = x. Thus f is onto. To see that f is also one-to-one, suppose

f(x) = f(y). If f(x) and f(y) are both in T \A, then f(x) = x and f(y) = y, so x = y.

If f(x) and f(y) are both in A, then f(x) = ai for some ai, in which case x = y = a2i.

If f(x) and f(y) are both in S, then f(x) = bi for some bi, and x = y = a2i−1. This

proves the result in the case that S and T are disjoint.

If S and T are not disjoint, then S ∪ T = T ∪ (S \ T ), and the result follows from the

disjoint case. (The set S \ T is disjoint from T , and it is countable since it is a subset

of the countable set S.)
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23. Let S be the set of real numbers t such that cos t is algebraic. Prove that S is countably

infinite.

Answer: Since cosine is one-to-one on [0, π], the set of all t ∈ [0, π] such that cos t

is algebraic is in one-to-one correspondence with a subset of the set of all algebraic

numbers, and is therefore countable (Theorem 10.3.20). Similarly, for each integer m,

the set of all t ∈
[
(m − 1)π,mπ

]
such that cos t is algebraic is countable. Therefore,

S is a countable union of countable sets, and thus S is countable (Theorem 10.2.10).

Moreover, S is not finite since for any integer k, cos 2πk = cos 0 = 1, and so there are

infinitely many t with cos t algebraic.

26. Prove that there does not exist a set with a countably infinite power set.

Answer: Let S be any set. If S is finite, then |P(S)| = 2|S| (Theorem 10.3.26), which

is finite. If S is infinite, then |S| ≥ ℵ0 (Theorem 10.3.24). Thus, |P(S)| ≥ |P(N)|.

Since |P(N)| = c (Theorem 10.3.28), it follows that P(S) is not countable. Therefore

it is not possible for a set to have a power set with cardinality ℵ0.

27. Find a one-to-one function mapping the interval (−π
2 ,

π
2 ) onto R.

Answer: The trigonometric function tan is a one-to-one mapping of (−π
2 ,

π
2 ) onto R.

28. (a) Prove directly that the cardinality of the closed interval [0, 1] is equal to the cardinality

of the open interval (0, 1) by constructing a function f : [0, 1] → (0, 1) that is one-to-one

and onto.

Answer: A suitable function f can be defined as follows. Let f(x) = x for all x which

are not equal to 0 or 1
n for any natural number n, and for each natural number n, let

f( 1
n) = 1

n+2 . Then, f(1) = 1
3 , and there is not yet any element which is sent to 1

2 . We

can therefore define f(0) = 1
2 . It is clear that f is a one-to-one function mapping [0, 1]

onto (0, 1).
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29. Prove that a set is infinite if and only if it has the same cardinality as a proper subset of

itself.

Answer: If S is a finite set, then its cardinality is n for some natural number n. Every

proper subset of S has cardinality strictly less than n, so S does not have the same

cardinality as any proper subset of itself. Now assume that S is infinite; we must prove

that S has the same cardinality as a proper subset of itself. By Theorem 10.3.24, S

has a countably infinite subset. Call such a subset A = {a1, a2, . . . }. We show that S

has the same cardinality as its proper subset S \ {a1}. A one-to-one onto function f

from S to S \ {a1} can be defined by letting f(x) = x if x 6∈ A and f(ai) = ai+1 for

every ai in A.

32. What is the cardinality of the set of all countable sets of real numbers?

Answer: We show that the cardinality is c. We begin by proving that the set of all

countable subsets of [0, 1] has cardinality c. For this, we show that each countable

subset can be specified by one real number.

For each countable subset S of [0, 1], there is a one-to-one function fS from N onto S.

Thus, S can be written {fS(1), fS(2), . . . }. Writing each fS(n) as an infinite decimal,

we can list the elements of S, as follows:

fS(1) = .a11a12a13 · · ·

fS(2) = .a21a22a23 · · ·

fS(3) = .a31a32a33 · · ·

...

Let F be the function which sends each such set S to .a11a12a21a31a22a13a14 . . . . That

is, each S is assigned to an infinite decimal created by zigzagging through the array

given by fS , where the decimal is extended by an infinite number of 0’s if the set S

is finite. (This is similar to the proof that Q is countable (Theorem 10.1.14).) Now

F is a one-to-one mapping of the collection of all countable subsets of [0, 1] into [0, 1].

Therefore, the set of all countable subsets of [0, 1] has cardinality less than or equal
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to
∣∣[0, 1]

∣∣ = c. Conversely, the set of all countable subsets of [0, 1] contains the set

of all singleton sets. Thus, the set of all countable subsets of [0, 1] has a subset with

cardinality c. Therefore, the cardinality of the set of all countable subsets of [0, 1] is

at least c. By the Cantor-Bernstein Theorem (10.3.5), the cardinality is equal to c.

We must extend the above to countable subsets of R. Let g be any one-to-one mapping

of R onto [0, 1]. Then g induces a mapping of subsets of R to subsets of [0, 1], sending

each subset S of R to {g(s) : s ∈ S}. That induced mapping sends countable subsets

to countable subsets. Therefore, it is a one-to-one mapping that sends the collection

of countable subsets of R onto the collection of countable subsets of [0, 1].

33. Find the cardinality of the set of all lines in the plane.

Answer: The cardinality is c. First note that the set S of vertical lines (that is,

the lines parallel to the y-axis) has cardinality c, since there is an obvious one-to-one

correspondence between those lines and the x-axis, where each line corresponds to its

point of intersection with the x-axis.

We now consider the set of all lines in the plane that are not vertical. Each such line

has some real number, say m, as its slope. Moreover, each such line meets the y-axis

in some point (0, b). Thus if T denotes the set of all non-vertical lines in the plane,

then T is in one-to-one correspondence with {(b,m) : b,m ∈ R}. Therefore, T has the

same cardinality as R2, and this cardinality is c (by Problem 10). It now follows that

the set of all lines in the plane, equal to S ∪ T , has cardinality c, by Problem 9.

34. Show that the set of all functions mapping R× R into Q has cardinality 2c.

Answer: Let F denote the set of functions mapping R×R into Q. Since |R×R| = c (by

Problem 10), the set of characteristic functions of R×R has cardinality 2c (by Theorem

10.3.32 it is the same as the cardinality of the set of subsets of R×R, and a one-to-one

function mapping R×R onto R induces a one-to-one function mapping P(R×R) onto

P(R)). Since the set of characteristic functions is a subset of F , |F| ≥ 2c.
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To show that |F| ≤ 2c, note that each function f from R × R to Q defines a subset

Hf of R3 by Hf = {(a, b, c) : a, b ∈ R and f(a, b) = c}. The mapping from f to Hf is

one-to-one since if Hf1 = Hf2 , then f1(a, b) = f2(a, b) for every (a, b) ∈ R× R, and so

f1 = f2. Thus, there is a one-to-one function mapping F into the power set of R3, from

which it follows that |F| ≤
∣∣P(R3

∣∣. Since
∣∣R3

∣∣ = c (by Problem 15),
∣∣P(R3)

∣∣ = 2c.

Therefore, |F| ≤ 2c, and so, by the Cantor-Bernstein Theorem (10.3.5), |F| = 2c.

35. Prove the following: If n is the smallest natural number such that a polynomial of degree

n with integer coefficients has x0 as a root, and if p and q are polynomials of degree n with

integer coefficients that have the same leading coefficients (i.e., coefficients of xn) and each

have x0 as a root, then p = q.

Answer: Let p(x) = anx
n+an−1x

n−1 + · · ·+a0 and q(x) = anx
n+ bn−1x

n−1 + · · ·+ b0.

Since p(x0) = 0 = q(x0):

0 = p(x0)− q(x0)

= (anx
n
0 + an−1x

n−1
0 + · · ·+ a0)− (anx

n
0 + bn−1x

n−1
0 + · · ·+ b0)

= (an−1 − bn−1)xn−10 + · · ·+ (a0 − b0)

Therefore, x0 is a root of the polynomial (an−1 − bn−1)xn−1 + · · · + (a0 − b0). This

latter polynomial has integer coefficients and has degree smaller than n. Moreover, it

has x0 as a root. Since n is the smallest natural number such that a polynomial of

degree n with integer coefficients has x0 as a root, it follows that all of the coefficients

of this latter polynomial are 0. Thus, ai = bi for all i, and so p = q.

40. Prove that the union of c sets that each have cardinality c has cardinality c.

Answer: The union clearly has a subset of cardinality c (any one of the original c sets),

so the union has cardinality greater than or equal to c. We will show that the union

also has cardinality less than or equal to c.

The idea is to show that there is a one-to-one mapping of the union into R2. Let U

be the union, and let C be the collection of sets (so the elements of C are the original
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c sets). Since the cardinality of C is c, there is a one-to-one onto mapping F : C → R.

This gives a labeling of each element of C by an element of R, by labeling each set S

in C by F (S). Thus, C = {Sr : r ∈ R} (where r = F (S)).

Each set Sr has cardinality c, so for each r there is a one-to-one mapping fr taking

Sr onto R. Each x ∈ U is in some Sr, and we would like to send each such x to

(r, fr(x)). This would send U onto R2. However, since the sets Sr may not be disjoint,

this mapping may not be well-defined. To deal with this issue, let C′ be the collection

of all sets of the form {(r, s) : s ∈ Sr}. That is, C′ is the collection of all {r} × Sr for

Sr in C. Let U ′ be the union of all the sets in C′. A one-to-one onto (and well-defined)

mapping from U ′ to R2 is given by sending each (r, x) to (r, fr(x)). Since R2 has

cardinality c (by Problem 10), U ′ has cardinality c. Next we show that |U| ≤ |U ′|. For

each x ∈ U , let h(x) be some r such that x ∈ Sr, and let H : U → U ′ be defined by

H(x) = (h(x), x). Since H is one-to-one, |U| ≤ |U ′| = c. Since we also have |U| ≥ c,

the Cantor-Bernstein Theorem (10.3.5) implies that |U| = c.


