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1 Introduction

The present paper is devoted to discrete analogues of Sobolev spaces of smooth functions.
The discrete analogues that we consider are spaces of functions on vertex sets of graphs.

Let G be a finite simple graph. By VG and EG we denote its vertex set and its edge
set, respectively. By dv we denote the degree of a vertex v ∈ VG. We write u ∼ v instead
of (u, v) ∈ EG, when G is clear from context. We omit the subscript G in EG, VG, etc., if
G is clear from context. Our graph-theoretic terminology follows [Bol98].

Definition 1 Let f : VG → R, and let 1 ≤ p ≤ ∞. The discrete Sobolev seminorm of f
corresponding to E = EG and p is defined by

||f || = ||f ||E,p =


(∑

(u,v)∈E |f(u)− f(v)|p
)1/p

if 1 ≤ p < ∞,

max(u,v)∈E |f(u)− f(v)| if p = ∞.

If G is connected, then the only functions f satisfying ||f ||E,p = 0 are constant func-
tions, so || · ||E,p is a norm on each linear space of functions on VG which does not contain
constants. Usually we shall consider the subspace in the space of all functions on VG given
by
∑

v∈V f(v)dv = 0. The obtained normed space will be called a Sobolev space on G and
will be denoted by Sp(G).

Most of the results presented below can be generalized to weighted Sobolev seminorms,
that is, to the situtations when there is a function µ : EG → (0,∞). The corresponding
weighted Sobolev seminorm is

||f || = ||f ||E,p,µ =


(∑

(u,v)∈E |f(u)− f(v)|pµ(u, v)
)1/p

if 1 ≤ p < ∞,

max(u,v)∈E |f(u)− f(v)|µ(u, v) if p = ∞.

1



Remark on Analogy. To explain why is it natural to use the name Sobolev space, recall
that the Sobolev space (of order 1) on Rn can be defined as the completion under the
norm

||F || =

(
n∑

i=1

∫
Rn

∣∣∣∣∂F

∂xi

(x)

∣∣∣∣p dx

)1/p

(1)

of the space of all smooth compactly supported functions on Rn (with the corresponding
change if p = ∞). The analogy is the following: the difference f(u) − f(v) may be
considered as the ‘partial derivative’ of f at v in the ‘direction’ of u.

This analogy is very fruitful, because some proofs of known results on Sobolev spaces
in Rn can be transferred to Sobolev spaces on graphs.

Discrete Sobolev seminorms and the corresponding normed spaces are of interest in
several contexts.

(1) Bounds for eigenvalues in the Spectral Graph Theory, see [ChY95] (see, also, [Chu97,
Chapter 11]).

(2) Inequalities between discrete Sobolev seminorms (corresponding to two different edge
sets and the same value of p) are very important for the problem of lp-embeddability
of graph metrics, see [BLMN04+], [LMN02], and [Mat97].

(3) In [Ost00] it was shown that S1(G) are the dual spaces to spaces whose unit balls are
certain minimal-volume projections of cubes. Therefore the study of discrete Sobolev
spaces is of interest for the study of the shape of minimal-volume projections of cubes.

2 Sobolev type inequalities

S. L. Sobolev [Sob38] proved that for 1 ≤ p < n and a smooth compactly supported f on
Rn the following inequality holds(∫

Rn

|f(x)|
np

n−p dx

)n−p
np

≤ C(n, p)||f ||, (2)

where ||f || is the norm introduced in (1). Actually Sobolev proved (2) only in the case
p > 1, the inequality in the case p = 1 was proved later, independently by E. Gagliardo
[Gal58] and L. Nirenberg [Nir59]. (See [Sal02] for more information on this matter.)

The purpose of this section is to prove analogues of (2) for for functions on graphs.
Some of these analogues have appeared in the literature ([Cha01], [ChT98], [ChY95],
[Lov93], [Mat97], and [Var85]; more detailed comments can be found below). All of these
proofs are based on similar ideas. Our purpose is present a unified approach to discrete
Sobolev-type inequalities. This approach can be considered as a discretization of the
H. Federer-W. H. Fleming [FeF60, pp. 485–488] proof of (2).
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Remarks. 1. Ideas similar to those of Federer-Fleming were suggested by V. Maz’ya
[Maz60], see, also [Maz85]. An elegant presentation of the Federer-Fleming proof can be
found in [Sal02, Section 1.3.1].

2. Some confusion can be caused by the fact that H. Federer and W. H. Fleming refer to
Sobolev as to “Kryloff”, see [FeF60, p. 488].

Now we introduce objects which will serve as analogues of the objects we meet in (2).

It looks like the most natural definition of the volume of a subset X ⊂ VG is volX =∑
v∈X dv, and the most natural analogue of the Lp-norm (1 ≤ p < ∞) on a discrete

Sobolev space is

||f ||lp(V ) =

(∑
v∈VG

|f(v)|pdv

)1/p

.

Some more notation. Let X, Y ⊂ VG. By X̄ we denote the complement VG\X. By
eG(X, Y ) we denote the number of edges in EG with one endvertex in X and the other
endvertex in Y .

A suitable analogue of the notion of dimension was introduced in [ChY95]. It is
the following. We say that a graph G has isoperimetric dimension δ with isoperimetric
constant cδ > 0 if

eG(X, X̄) ≥ cδ(min{volX, volX̄})
δ−1

δ (3)

for every proper subset X of VG, where cδ does not depend on X.

It is clear that because the notion of a function with compact support does not have
an analogue for spaces of functions on finite sets, some other form of normalization is
needed. One of the most suitable is based on the notion of a median.

Let m = m(f) be a median of f , that is a real number satisfying the following two
inequalities.

vol({v : f(v) > m}) ≤ vol(VG)
2

and

vol({v : f(v) < m}) ≤ vol(VG)
2

.

(4)

Now we are ready to state the analogue of (2) for functions on graphs.

Theorem 1 Let G be a graph with the edge set E, and let 1 ≤ p < δ. Suppose that the
graph G has the isoperimetric dimension δ with isoperimetric constant cδ. Let q be defined
by 1

p
= 1

q
+ 1

δ
. Then there exists a constant C depending only on p, δ, and cδ, such that

||f −m(f)||lq(V ) ≤ C||f ||E,p. (5)
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2.1 Case p = 1

Following [FeF60] we start by proving the inequality (5) for p = 1.

Our first step is to prove a discrete analogue of the so-called co-area formula. (See
[Sal02, p. 17] and [Maz85, 1.2.4] for its continuous version. Different forms of discrete
co-area formula were found in [Cha01, p. 171], [CGY00, Section 5.7], [Dod84], see, also,
references in [CGY00].)

For a real-valued function f on VG we introduce the norm of the gradient by

||∇f(v)|| =
∑

u, (u,v)∈EG

|f(u)− f(v)|.

(It is not clear whether there is a useful definition of the gradient itself.)

Let f, g : VG → R. We assume that both f and g are extended to the edges of G by
linearity. Then the following is true

1

2

∑
v∈V

g(v)||∇f(v)|| =
∫ ∞

−∞

∑
f(z)=t

g(z)

 dt. (6)

In the formula (6) we ignore those values of t for which the set {z : f(z) = t} is infinite.

To prove (6) it is enough to determine the contribution of each edge to each side of
the formula.

The contribution of an edge (u, v) to the left-hand side is 1
2
(g(u)+ g(v))|f(u)− f(v)|.

The contribution of the edge (u, v) to the right-hand side is (we assume f(v) > f(u))∫ f(v)

f(u)

(
g(u)

f(v)− t

f(v)− f(u)
+ g(v)

t− f(u)

f(v)− f(u)

)
dt =

g(u) + g(v)

2
(f(v)− f(u)).

Using (6) we prove the Sobolev type inequality for p = 1 with sharp constant.

Theorem 2 Let G be a connected graph having isoperimetric dimension δ with isoperi-
metric constant cδ, and let m be a median of f : VG → R. Then

∑
u∼v

|f(u)− f(v)| ≥ cδ

(∑
v∈VG

|f(v)−m|
δ

δ−1 dv

) δ−1
δ

. (7)

Proof. Let h(v) = f(v) − m. We introduce h+(v) = max{h(v), 0} and h−(v) =
max{−h(v), 0}. Let us start by proving the inequality(∑

v∈VG

|h+(v)|
δ

δ−1 dv

) δ−1
δ

≤ 1

2cδ

∑
v∈VG

||
(
∇(h+)

)
(v)||.
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We have

h+(v) =

∫ ∞

0

χ{z: h(z)>t}(v)dt.

By the Minkowski inequality(∑
v∈VG

|h+(v)|
δ

δ−1 dv

) δ−1
δ

≤
∫ ∞

0

(∑
v∈VG

|χ{z: h+(z)>t}(v)|
δ

δ−1 dv

) δ−1
δ

dt =

∫ ∞

0

(
vol{z : h+(z) > t}

) δ−1
δ dt.

Let Zt = {z : h+(z) > t}. Since 0 is the median of h(v), we have, for t > 0, the inequality
volZt ≤ volZ̄t. Hence, by the definition of the isoperimetric constant,(

vol{z : h+(z) > t}
) δ−1

δ ≤ 1

cδ

eG(Zt, Z̄t).

For t /∈ (h+(VG)), we have

eG(Zt, Z̄t) =
∑

h+(z)=t

1.

Hence, we can continue the chain of inequalities with∫ ∞

0

 1

cδ

∑
h+(z)=t

1

 dt = (by (6) with g ≡ 1) =
1

2cδ

∑
v∈VG

||
(
∇(h+)

)
(v)||.

Since h(v) = h+(v)− h−(v), we have(∑
v∈VG

|h(v)|
δ

δ−1 dv

) δ−1
δ

≤ (by the Minkowski inequality)

(∑
v∈VG

|h+(v)|
δ

δ−1 dv

) δ−1
δ

+

(∑
v∈VG

|h−(v)|
δ

δ−1 dv

) δ−1
δ

≤

1

2cδ

∑
v∈VG

||
(
∇(h+)

)
(v)||+ 1

2cδ

∑
v∈VG

||
(
∇(h−)

)
(v)|| = 1

2cδ

∑
v∈VG

|| (∇h) (v)|| =

1

cδ

∑
u∼v

|h(u)− h(v)|.

Remark. The constant in this inequality is optimal. To see this consider the character-
istic function of a set X satisfying volX ≤ volX̄ on which the constant cδ is attained, and
observe that m = 0 is a median of this function.
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Remark. The proof above is very close to the proof given in [ChY95]. The only difference
is that we use a more straightforward analogy with the proof for Rn. Our proof, also,
gives a better constant. Similar results in somewhat different contexts and forms can be
found in [Cha01, Sections VI.4 and VI.5] and [Var85].

2.2 Sobolev inequalities for 1 < p < ∞

In both the continuous and the discrete case the Sobolev inequality for 1 < p < ∞ can
be derived from the Sobolev inequality for p = 1, by applying the latter to |f(x)|α or
sign(f(x))|f(x)|α for a properly chosen α. This method seems to be reinvented several
times. Its first usage in continuous case which I am aware of is in [FeF60] (see p. 488). In
the discrete case it was used for expanders in [Mat97]. The argument is more elegant in
the continuous case, see [Sal02, Section 1.1.3].

Proof of Theorem 1 for p ∈ (1,∞). It is enough to prove the theorem in the case
when 0 is a median of f .

Let α ≥ 1. Denote the function signf(v) · |f(v)|α by fα.

Using the inequality (7) and the fact that 0 is the median of fα we get(∑
v∈VG

|f(v)|
αδ

δ−1 dv

) δ−1
δ

≤ 1

cδ

∑
u∼v

|fα(u)− fα(v)|.

Now we use the following inequality (where xα stands for signx · |x|α).

Lemma 1 [Mat97, Lemma 4, p. 193] For any real numbers a, b, and any α ≥ 1, we have

|aα − bα| ≤ α|a− b|
(
|a|α−1 + |b|α−1

)
.

Using the lemma we get(∑
v∈VG

|f(v)|
αδ

δ−1 dv

) δ−1
δ

≤ α

cδ

∑
u∼v

|f(u)− f(v)|
(
|f(u)|α−1 + |f(v)|α−1

)
.

Now we apply Hölder’s inequality and get

(∑
v∈VG

|f(v)|
αδ

δ−1 dv

) δ−1
δ

≤ α

cδ

(∑
u∼v

(
|f(u)|α−1 + |f(v)|α−1

)p′)1/p′ (∑
u∼v

|f(u)− f(v)|p
)1/p

,

where 1/p′ = 1 − (1/p). Observe that (a + b)p′ ≤ 2p′ap′ + 2p′bp′ . Using this observation
we get(∑

u∼v

(
|f(u)|α−1 + |f(v)|α−1

)p′)1/p′

≤ 2

(∑
u∼v

(|f(v)|(α−1)p′ + |f(u)|(α−1)p′)

)1/p′

=
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2

(∑
v∈VG

|f(v)|(α−1)p′dv

)1/p′

Now we let α = (δ−1)p
δ−p

. We get

(∑
v∈VG

|f(v)|
δp

δ−p dv

) δ−1
δ

≤ 2α

cδ

(∑
v∈VG

|f(v)|
δp

δ−p dv

) 1
p′
(∑

u∼v

|f(u)− f(v)|p
) 1

p

.

Now we use p′ = p
p−1

and q = δp
δ−p

, and rewrite the inequality above as(∑
v∈VG

|f(v)|qdv

) 1
q

≤ (δ − 1)p

δ − p
· 2

cδ

(∑
u∼v

|f(u)− f(v)|p
) 1

p

. (8)

Remark 1. Chung and Yau [ChY95] proved the inequality (8) in the case p = 2 (see,
also, [Chu97, p. 168]). It should be mentioned that the proof of the inequality for p = 2
in [ChY95] has a gap. In fact, the proof in [ChY95, p. 18, line 7 from above] (see, also,
[Chu97, p. 170, line 8 from above]) gives an inequality with a better exponent, namely(∑

u∼v

(f(u)− f(v))2

) 1
2

≥ C

(∑
v∈VG

|f(v)−m|
2δ

δ−1 dv

) δ−1
2δ

, (9)

where C > 0 depends on δ and cδ only.
This, stronger, inequality is not valid. To see this consider a 3-dimensional discrete

torus and a function f on its vertex set defined in the following way. We choose an origin
on the torus and assume that the torus is large enough, so that the volume of a discrete
cube with the sides of length 4n is less than 1

2
of the volume of the torus. Hence 0 is a

median of any function supported on such cube. We define f as a function which has the
value n on the cube with sides 2n centered at the origin; the value n− k on the boundary
of the cube with the sides 2n + 2k centered at the origin for k = 1, . . . , n; and the value
0 outside the cube with the sides of length 4n. For this function the left-hand side of (9)

is ≤ C1n
3
2 .

On the other hand, it is known (see [BoL90]) that the isoperimetric constants corre-
sponding to δ = 3 of 3-dimensional tori are uniformly bounded from below (as is quite
natural to expect). Therefore the right-hand side of (9), with δ = 3 (and so with 2δ

δ−1
= 3),

can be estimated from below by the l3(V )-norm of the multiple of the characteristic func-
tion of the cube with sides 2n centered at the origin. Hence it can be estimated from
below by

C2

(
n3 · n3

) 1
3 = C2n

2.

We get a contradiction.
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Remark 2. It is easy to check that the constant in (8) is not the best possible. In this
connection it is worth mentioning that there exists an isoperimetric proof of the Sobolev
inequality in Rn with exact constants. For p = 1 it is contained in the [FeF60]. For p > 1
it is due to T. Aubin [Aub76] and G. Talenti [Tal76] (it is sketched in [Sal02, Section
1.3.3], see, also, [Aub98, p. 39]). It uses symmetrization. This tool does not seem to be
available for general graphs. Another proof [CNV04] (see, also, [Vil03, Section 6.4]) of
the optimal Sobolev inequality is based on mass transportation. It also does not seem to
be transferrable to discrete case.

It should be mentioned that it is not clear whether the problem of finding optimal
discrete Sobolev inequality is well-posed. The constant in the inequality clearly depends
on G, so the problem is to describe this constant in terms of more simply defined numerical
parameters of the graph. It is far from being clear whether this is possible.

2.3 Sobolev inequality for expanders (infinite dimension)

Definition 2 The Cheeger constant hG of a graph G is defined by

hG = min
X⊂VG

eG(X, X̄)

min{volX, volX̄}
.

If we compare this definition with the definition of the isoperimetric constant we see
that hG = limδ→∞ cδ. Families of graphs with Cheeger constants uniformly bounded
below by some non-zero constants are called expanders. The theory of expanders is a very
deep theory having many applications and many connections with different branches of
mathematics, see [Chu97], [Lub94], [Sar90]. An accessible introduction to this theory can
be found in [DSV03].

The following theorem can be considered as an analogue of Theorem 2 for infinite
dimension. It can be proved using the same argument. To the best of my knowledge
the first proof of a version of this result is due to L. Lovász [Lov93, §11, Problem 30]
(1993). F. R. K. Chung and P. Tetali (1998) proved the same result in a bit more general,
weighted case, see [ChT98, Theorem 1].

Theorem 3 Let G be a graph with the Cheeger constant hG. Let f : VG → R and let
m = m(f) be a median of f . Then∑

u∼v

|f(u)− f(v)| ≥ hG

∑
v

|f(v)−m|dv.

Using the same method as in Section 2.2, we get similar inequalities for other p ∈
(1,∞).
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Theorem 4 Let G be a graph with the Cheeger constant hG. Let f : VG → R and let
m = m(f) be a median of f . Then(∑

u∼v

|f(u)− f(v)|p
)1/p

≥ hG

2p

(∑
v

|f(v)−m|pdv

)1/p

.

Remark. Theorem 4 is a small modification of the result from [Mat97, p. 193].

3 Banach space structure of Sp(G)

3.1 A remark on medians and averages

One of the differences between the inequality (5) and the classical Sobolev inequality (2)
is that there is m(f) in the right-hand side. Observe that for some functions f the number
m(f) is not uniquely determined by f , also the mapping f 7→ m(f) is non-linear.

It causes some problems in applications of (5) to the study of the Banach space struc-
ture of Sp(G). Fortunately, the problems caused by this nonlinearity are relieved by the
following well-known fact.

Proposition 1 Let a = a(f) = 1
|VG|

∑
v∈VG

f(v)dv. Then, for every 1 ≤ p ≤ ∞,

inf
b∈R

||f − b||lp(V ) ≤ ||f − a||lp(V ) ≤ 2 inf
b∈R

||f − b||lp(V ) (10)

Proof. Consider (∑
u,v

|f(u)− f(v)|pdudv

)1/p

The convexity of the function x 7→ |x|p implies∑
u

|f(u)− a(f)|pdu ≤
1∑

v∈VG
dv

∑
u,v

|f(u)− f(v)|pdudv. (11)

Let t(f) be such that(∑
u

|f(u)− t(f)|pdu

)1/p

= inf
b∈R

||f − b||lp(V ).

The triangle inequality implies(∑
u,v |f(u)− f(v)|pdudv

)1/p

≤ 2
(∑

u,v |f(u)− t(f)|pdudv

)1/p

=

2|
∑

v∈VG
dv|1/p (

∑
u |f(u)− t(f)|pdu)

1/p .

(12)
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Combining (11) and (12) we get ||f − a|| ≤ 2||f − t(f)||.

Remark. It is easy to show that

inf
b∈R

||f − b||l2(V ) = ||f − a||l2(V ). (13)

3.2 The Banach-Mazur distances between Sp(G) and lmp in terms of Cheeger
constants

Theorems 3 and 4 imply estimates from above for the Banach-Mazur distance between
Sp(G) and lmp of the same dimension in terms of the Cheeger constant. The purpose of
this section is to present such estimates.

For a connected graph G by l◦p(VG) we denote the 1-codimensional subspace of lp(VG)
given by

∑
v∈V (G) f(v)dv = 0. It is easy to see that

d(l◦p(VG), lmp ) ≤ 9, (14)

where m = |VG| − 1.

Let Jp : Sp(G) → l◦p(G) be the identity mapping (the spaces coincide as sets of func-
tions). The inequality (14) implies that in order to estimate d(Sp(G), lmp ) from above it is

enough to estimate the norms ||Jp|| and ||J−1
p || in the corresponding spaces of operators.

To estimate the norm of ||J−1
p ||, observe that

||f ||E,p =

(∑
u∼v

|f(u)− f(v)|p
)1/p

≤

(∑
u∼v

(|f(u)|+ |f(v)|)p

)1/p

≤

(We use the convexity of xp (x > 0).)(∑
u∼v

2p−1(|f(u)|p + |f(v)|p)

)1/p

= 2
p−1

p

(∑
v∈VG

|f(v)|pdv

)1/p

.

Hence
||J−1

p || ≤ 2
p−1

p . (15)

Theorem 3 and the inequality (10) imply ||J1|| ≤ 2
hG

. Combining with (15) we get the
following estimate for the Banach-Mazur distance.

Theorem 5 d(S1(G), l◦1(VG)) ≤ 2
hG

.

In a similar way, from Theorem 4 and the inequality (10), we get

||Jp|| ≤
4p

hG

.

Combining with (15) we get
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Theorem 6

d(Sp(G), l◦p(VG)) ≤ 2
3p−1

p p

hG

.

Remark. It is worth mentioning that the smallness of the Cheeger constant of G does
not imply that the Banach-Mazur distance between Sp(G) and lmp is large. In fact, if G is
a tree, then Sp(G) is isometric to lmp despite the fact that for trees hG can be very small.

3.3 The canonical embedding

To study Sp(G) it is convenient to introduce the space lp(EG), that is the space of functions
f : EG → R with the norm

||f ||lp(EG) =

(∑
e∈EG

|f(e)|p
) 1

p

.

The space Sp(G) is isometric to a subspace of lp(EG). To define such an isometry we
choose a direction on each of the edges of G. By uv (u, v ∈ V ) we denote an edge
beginning at u and ending at v. We define the canonical embedding C : Sp(G) → lp(E) as
the map

Cf = {f(u)− f(v)}uv∈EG
. (16)

It is clear that ||Cf ||lp(EG) = ||f ||E,p, so C is an isometric embedding.

3.4 Extreme points of S1(G) and S∞(G)

Since Sp(G) is isometric to a subspace of lp(EG), it follows that for 1 < p < ∞ the spaces
Sp(G) are strictly convex. So the problem of description of extreme points is of interest
only for p = 1 and p = ∞.

The unit ball and the unit sphere of a Banach space X will be denoted by B(X) and
S(X), respectively. The set of extreme points of a set U will be denoted by extU .

Theorem 7 (Extreme points of the unit ball of S1(G).) An element f ∈ S(S1(G))
is in extB(S1(G)) if and only if there exists a disjoint partition V = A∪B such that f |A
and f |B are constant functions, and subgraphs induced by A and B in G are connected.

Proof. “If”. Suppose that f ∈ S(S1(G)) satisfies the conditions of the theorem and
assume that f = αg + (1 − α)h, where g, h ∈ B(S1(G)), 0 < α < 1. We need to show
that these assumptions imply g = h = f .

Let C be the embedding introduced in (16). Then Cf = αCg + (1− α)Ch and

||Cf ||l1(E) = α||Cg||l1(E) + (1− α)||Ch||l1(E).
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Therefore the supports of Cg and Ch are contained in the support of Cf . In particular,
the values of g and h at the endvertices of an edge of G are equal if it is the case for f .
Hence g|A, g|B, h|A, and h|B are constant functions (we use the connectivity). On the
other hand it is easy to see that there exists only one function in S1(G) which is constant
on A and on B and has norm one. Hence g = h = f .

“Only if”. Let f ∈ S(S1(G)). It is enough to prove the following two statements.

1. If f(V ) contains at least three numbers, then f /∈ extB(S1(G)).

2. If f(V ) = {a, b}, and the subgraph spanned in G by f−1(a) is disconnected, then
f /∈ extB(S1(G)).

Case 1. Let a, b, c ∈ f(V ) be such that a < b < c and all other elements of f(V ) (if
any) are in (c,∞). Let A = f−1(a), B = f−1(b), and C = f−1([c,∞)). It is enough to
show that there exists a function h ∈ S1(G) such that h 6= 0, the restrictions h|A, h|B,
and h|C are constant functions, and

||f + δh||E,1 = 1 if δ ∈ R is small enough. (17)

Let us denote by α, β, and γ, the values of h on A, B, and C, respectively. Then
h ∈ S1(G) if and only if

αvolA + βvolB + γvolC = 0. (18)

We have
||f + δh||E,1 =

∑
{u,v}∈E(G)

|f(u)− f(v) + δ(h(u)− h(v))|.

We may assume that δ is so small that the numbers f(u) − f(v) and f(u) − f(v) +
δ(h(u) − h(v)) have the same sign or both are 0. Here we use the assumption that
f(u) = f(v) implies h(u) = h(v). (Observe that it is enough to have that f(u) = f(v)
implies h(u) = h(v) for (u, v) ∈ EG, we need this observation in case 2.) We may assume
that each pair (u, v) is ordered in such a way that f(u)− f(v) is nonnegative and write

||f + δh||E,1 =
∑

(u,v)∈EG

(f(u)− f(v) + δ(h(u)− h(v))) =

||f ||E,1 + δ ((β − α)eG(A, B) + (γ − α)eG(A, C) + (γ − β)eG(B, C)) .

Hence the condition (17) will be satisfied if α, β, and γ satisfy

(β − α)eG(A, B) + (γ − α)eG(A, C) + (γ − β)eG(B, C) = 0 (19)

It remains to observe that the system (18) and (19) is a linear homogeneous system of
two equations with three unknowns. Hence it has a nonzero solution, and there exists a
function h satisfying the conditions.

Case 2. Let f−1(a) = A1∪A2, where A1∩A2 = ∅ and eG(A1, A2) = 0. Let B := f−1(b).
It is enough to show that there exist h ∈ S1(G), h 6= 0, satisfying (17).
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We shall show that we can find real numbers α, β, and γ, not all zeros, such that the
function h defined by h|A1 = α, h|A2 = β, and h|B = γ satisfies the conditions.

The condition h ∈ S1(G) is satisfied if and only if

αvolA1 + βvolA2 + γvolB = 0. (20)

Without loss of generality we assume that a > b. (Otherwise we replace f by −f .)
Using the same argument as in Case 1 and the observation in brackets we get that the
condition (17) is satisfied if

(α− γ)eG(A1, B) + (α− β)eG(A2, B) = 0. (21)

The existence of α, β, and γ, not all zeros, satisfying (20) and (21) follows from the
observation that (20) and (21) form a linear homogeneous system of two equations with
three unknowns.

Proposition 2 (Extreme points of the unit ball of S∞(G).) An element f ∈
S(S∞(G)) is in extB(S∞(G)) if and only if there exists a connected spanning subgraph H
of G, such that |f(u)− f(v)| = 1 for each edge e = (u, v) of H.

Proof. “If”. Let f be a function satisfying the conditions of the proposition. Suppose
that f = 1

2
(g + h) for some g, h ∈ B(S∞(G)). Then, for each edge (u, v)in H we have

|f(u)− f(v)| ≤ 1

2
(|g(u)− g(v)|+ |h(u)− h(v)|) .

Since g, h ∈ B(S∞(G)), this implies g(u) − g(v) = h(u) − h(v) = f(u) − f(v) for each
(u, v) ∈ EH . Since H is a connected spanning subgraph of G, it follows that the differences
g(v) − f(v) and h(v) − f(v) are constant functions. Since the only constant function in
S∞(G) is 0, we are done.

“Only if”. Let f ∈ B(S∞(G)) be such that the set of edges (u, v) ∈ EG satisfying
|f(u)−f(v)| = 1 does not induce a spanning connected subgraph of G. Then there exists
a partition A ∪B of VG such that |f(u)− f(v)| < 1 for each edge of (u, v) joining A and
B. Let δ > 0 be such that, for each of these edges

|f(u)− f(v)| < 1− 2δ. (22)

Let

m(v) =

{
δ/volA, if v ∈ A,

−δ/volB, if v ∈ B.

Using (22) and volA, volB ≥ 1, we get f ±m ∈ B(S∞(G)). Hence f /∈ extB(S∞(G)).

3.5 More on properties of S1(G)

One of the reasons for the study of the spaces S1(G) was that they are related to minimal-
volume projections of cubes. At the moment the theory of S1(G) is more developed than
the theory of other Sp(G) spaces. This section is devoted to results on S1(G) spaces. An
analogous theory for other values of p has not been developed yet.
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3.5.1 Isomorphism based on minimal congestion spanning trees

If G is a tree, then the canonical embedding C : Sp(G) → lp(EG) is a mapping onto (the
spaces Sp(G) and lp(EG) are of the same dimension). This observation can be developed
to show that if G is close to being a tree, then Sp(G) is close to lmp with respect to the
Banach-Mazur distance.

In this connection we introduce the following notion, which can be of interest in other
contexts also.

Let G be a graph and let T be a spanning tree in G (saying this we mean that T is a
subgraph of G). For each edge e of T let Ae and Be be the vertex sets of the components
of T\e. We define the edge congestion of G in T by

ec(G : T ) = max
e∈ET

eG(Ae, Be).

The name comes from the following analogy. Imagine that egdes of G are roads, and
edges of T are those roads which are cleaned from snow after snowstorms. If we assume
that each edge in G bears the same amount of traffic, and that after a snowstorm each
driver takes the corresponding (unique) detour in T , then ec(G : T ) describes the traffic
congestion at the most congested road of T . It is clear that for applications it is interesting
to find a spanning tree which minimizes the congestion.

We define the spanning tree congestion of G by

s(G) = min{ec(G : T ) : T is a spanning tree of G}. (23)

The parameters ec(G : T ) and s(G) were introduced and studied in [Ost05].

One of the reasons for their study is that they can be used to estimate from above the
Banach-Mazur distance d(S1(G), lm1 ). This can be done in the following way.

There is a natural projection P : l1(EG) → l1(ET ). Composing it with the canonical
embedding of S1(G), we get a mapping CT : S1(G) → l1(ET ), CT = PC. It is easy to see
that CT mapping is an isomorphism onto. Therefore d(S1(G), l1(ET )) ≤ ||CT || · ||(CT )−1||.

We can use the description of extB(S1(G)) to express ||CT ||1 and ||(CT )−1||1 in graph-
theoretical terms.

It is clear that
||CT || = max

f∈extB(S1(G))
||CT f ||.

By Theorem 7 there exists a partition V = A ∪ B such that f |A and f |B are constant
functions, let f |A = a and f |B = b. Then

||f ||EG,1 = |a− b|eG(A, B),

||f ||l1(ET ) = |a− b|eT (A, B).

Hence

||CT || = max
|a− b|eT (A, B)

|a− b|eG(A, B)
= max

eT (A, B)

eG(A, B)
, (24)
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where the maximum is over all partitions A ∪ B = VG (by Theorem 7 it is enough to
consider the case when A and B are such that the corresponding induced subgraphs of G
are connected).

Using the well-known description of ext(B(l1(ET ))) we get

||(CT )−1|| = max
eG(A, B)

eT (A, B)
, (25)

where the maximum is over all partitions A ∪ B = VT (= VG) such that the subgraphs of
T induced by A and B are connected.

It is easy to see that (24) and (25) imply ||CT || ≤ 1 and ||(CT )−1|| = ec(G : T ). Hence
||CT ||||(CT )−1|| ≤ ec(G : T ) and

d(S1(G), lm1 ) ≤ s(G), (26)

where m = |VG| − 1.

Therefore estimates for s(G) are of interest in this context. We would like to mention
some estimates from [Ost05]. First we mention esimates in terms of isoperimetric and
Cheeger constants. We denote the minimal degree and the maximal degree of vertices of
G by δG and ∆G, respectively. By diam(G) we denote the diameter of the graph G.

(1) s(G) ≥ cδ

(
δG

∆G
(|VG| − 1)

) δ−1
δ

; s(G) ≥ hG
δG

∆G
(|VG| − 1).

(2) s(G) ≥ cδ

(
δGbdiam(G)

2
c
) δ−1

δ
; s(G) ≥ hGδGbdiam(G)

2
c.

There exist graphs G with ‘large’ s(G):

(3) There exists an absolute constant c > 0 and a sequence of graphs {G(n)}∞n=1 such
that |VG(n)| → ∞ as n →∞, and s(G(n)) ≥ c|VG(n)|3/2.

Much less is known about estimates from above. It is not difficult to show that for
discrete tori the estimate from (1) is optimal, up to a multiplicative constant. However,
for general graph G, the problem of description of spanning trees satisfying ec(G : T ) ≤
C · s(G) for some absolute constant C ∈ [1,∞) is widely open.

Remark. It is clear that in many cases ||CT || is much less than 1. However, it is not clear
whether there exist graphs for which

inf
T
||CT ||||(CT )−1||

is much less than s(G).
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3.5.2 Existence of S1(G) which are ‘far’ from lm1

Let m = |VG| − 1. In connection with the study of minimal-volume projections of cubes
the following question arose. Whether S1(G) can be far from lm1 with respect to the
Banach-Mazur distance? (Of course, it is easy to see, that ||J1||||(J1)

−1|| is large when
hG is small, but there can exist other isomorphisms.)

This question can be answered using a discretized version of a result of S.V. Kislyakov
[Kis75] about Sobolev spaces on Rn.

Let us denote by L1
(1)(R

n) the completion of the space of all smooth compactly sup-

ported functions on Rn under the norm (1) with p = 1.

Theorem 8 (Kislyakov [Kis75]) For n ≥ 2 the space L1
(1)(R

n) is not isomorphic to

L1(Ω, Σ, ν) for a measure space (Ω, Σ, ν).

Sketch of the proof in the case n = 2. Observe that in the case p = 1, n = 2 the
Sobolev inequality (2) implies that the identical embedding from L1

(1)(R
2) to L2(R2) is a

bounded linear operator.

Definition 3 An operator T : X → Y is called 2-summing if for every sequence {xi}∞i=1

in X such that the series
∑∞

i=1 |x∗(xi)|2 is convergent for every bounded linear functional
x∗ ∈ X∗, the series

∑∞
i=1 ||Tx||2 is also convergent.

A. Grothendieck [Gro56] proved a that a bounded linear operator T from a space
isomorphic to L1(Ω, Σ, ν) into a Hilbert space is 2-summing.

Remark. The paper [Gro56] is a very difficult reading. Its results became widely known
only after they were explained in [LiP68]. The paper [Gro56] originated a very deep
theory, see [DJT95] and [Pis86]. The book [DJT95] contains an accessible introduction
to this theory.

By the Grothendieck’s theorem, to prove Theorem 8 it is enough to find a sequence
{xi}∞i=1 ∈ L1

(1)(R
2) for which the condition from Definition 3 is violated, that is

∞∑
i=1

|x∗(xi)|2 < ∞ ∀x∗ ∈ (L1
(1)(R

n))∗,

but
∞∑
i=1

||xi||2L2(R2) = ∞.

S.V. Kislyakov [Kis75] showed that it is the case for the double sequence

ϕi,j(x1, x2) =

{
1

i+j
sin(ix1) sin(jx2) if − π < x1, x2 < π,

certain smooth extension outside the cube.
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Kislyakov’s argument can be discretized in the following way. Instead of the qualitative
version of the Grothendieck’s result mentioned above we use the following quantitative
version. By B(X∗) we denote the unit ball of X∗.

Let X be an n-dimensional normed space, and let T : X → H, where H is a Hilbert
space. Then

d(X, ln1 ) ≥ C

||T ||
sup

{xi}m
i=1⊂X

(
∑m

i=1 ||Txi||2)1/2

supx∗∈B(X∗) (
∑m

i=1 |x∗(xi)|2)1/2
, (27)

where C is an absolute constant.

(This quantitative version also follows from the Grothendieck’s argument and is well-
known.)

We use this quantitative version in the following way. We consider G = Zk × Zk (two
dimensional discrete torus). We let T be the identical embedding of S1(G) to l2(VG). By
the discrete Sobolev inequality (see Theorem 2 with δ = 2) and (13) we get ||T || ≤ 1

c2(G)
,

where c2(G) is the isoperimetric constant of G of dimension 2. The constant c2(G) can
be easily estimated (see [Ost00]), and we get an estimate from above for ||T || which does
not depend on k.

Each vertex in G can be represented as (t1, t2). We consider the following collection of
functions from S1(G):

xi,j(t1, t2) =
1

i + j
sin

(
2πi

k
t1

)
sin

(
2πj

k
t2

)
.

Using (27) and a straightforward computation, we get

Theorem 9 [Ost00] There exists an absolute constant c > 0 such that

d(S1(Zk × Zk), l
k2−1
1 ) ≥ c

√
ln k.

Details of the argument can be found in [Ost00].

3.5.3 Subspaces of S1(G) isomorphic to ld1

Our purpose is to estimate the Banach-Mazur distances between subspaces of S1(G) and
ld1 of the corresponding dimension.

One of the natural approaches to finding well-complemented, close to ld1 subspaces in
S1(G) is based on the following definition. By N(v) we denote the set of all vertices
adjacent with v.

Definition 4 Let α ∈ (0, 1). We say that a subset A ⊂ VG is α-dominating, if, for every
v ∈ VG\A,

|N(v) ∩ A| ≥ αdv.
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This notion was introduced in [DHLM00]. It seems to be a relatively new and un-
explored despite the fact that there is a vast literature on different related notions of
domination in graphs, see [HHS98].

We shall show that the existence of small α-dominating sets in G implies the existence
of large complemented subspaces of S1(G) which are close to ld1. By λ(X, Y ) we denote
the relative projection constant of a subspace X in a Banach space Y , that is,

λ(X, Y ) = inf{||P || : P : Y → X is a projection onto}.

Proposition 3 Let A ⊂ VG be an α-dominating set. Let d = |VG| − |A|. Then the space
S1(G) contains a subspace L of dimension d such that d(L, ld1) ≤ 1

α
and λ(L, S1(G)) ≤ 1

α
.

Proof. It is enough to find a d-dimensional subspace L ⊂ C(S1(G)) ⊂ l1(EG) such that
d(L, ld1) ≤ 1

α
and λ(L, l1(EG)) ≤ 1

α
.

To find such subspace we introduce vectors δv ∈ RV by

δv(u) =

{
1 if u = v;

0 if u 6= v.

These vectors are not in S1(G) (according to our definition of S1(G)). In this connection
we need to introduce A : RV → RV by

(Af)(u) = f(u)−
∑

v f(v)dv∑
v dv

.

Let Z = VG\A. The desired space is

L = span{CAδv : v ∈ Z}.

To prove that L satisfies the conditions from the proposition we observe that CAδv ∈
l1(EG) takes the value ±1 on edges incident to v and the value 0 on all other edges. It
will be convenient to assume that all edges between A and Z are directed from A to Z,
hence on all such edges the value of CAδv is 1.

For each vertex v ∈ Z by Ev we denote the set of those edges which join v with vertices
which are in A. Then the sets {Ev}v∈Z are disjoint and

||CAδv|Ev || ≥ α||CAδv||.

Hence

α
∑
v∈Z

|av|||CAδv|| ≤

∥∥∥∥∥∑
v∈Z

CAδv

∥∥∥∥∥ ≤∑
v∈Z

|av|||CAδv||,

the statement d(L, ld1) ≤ 1
α

follows.

To prove the statement about λ(L, l1(EG)) we consider the projection P : l1(EG) → L
defined by

Pf =
∑
v∈Z

(aveEvf)CAδv.

18



Since CAδv has the value 1 on all edges in Ev, then P (CAδv) = CAδv.

Also, we have

||f || ≥
∑
v∈Z

|aveEvf ||Ev|

and

||Pf || ≤
∑
v∈Z

|aveEvf |||CAδv|| ≤
∑
v∈Z

|aveEvf |
1

α
|Ev| ≤

1

α
||f ||.

Hence λ(L, l1(EG)) ≤ 1
α
.

Following [DHLM00] we denote the minimal cardinality of an α-dominating set in G
by γα(G).

The following proposition is well-known, it goes back to P. Erdös [Erd65].

Proposition 4 γ 1
2
(G) ≤ bn

2
c.

Corollary 1 For each G with |VG| = n there is a 2-complemented, 2-isomorphic to l
dn

2
e

1

subspace L in S1(G).

Remark. The equality in the inequality from Proposition 4 is attained for a bipartite
graph with parts of sizes dn

2
e and bn

2
c.

To find estimates for the Banach-Mazur distance to ld1 of larger subspaces of S1(G) we
need estimates for γα(G) for ‘small’ α and results on the structure of the kernel of the
projection from Proposition 3.

3.6 Open problems

3.6.1 Theory for p > 1

One of the general open problems is to develop a theory analogous to the one presented
in Section 3.5 for other values of p. In particular, it is natural to try to find out which of
the results presented in [PeW03] have discrete analogues.

More specific problems. Let p ∈ (1,∞).

Problem 1 Let G = (Zn)k be a k-dimensional discrete torus, and let m = kn− 1. Does
there exist a constant C depending on p and k, but not on n, such that d(Sp(G), lmp ) < C?

Problem 2 Does there exist p > 1 and a sequence {Gn}∞n=1 of connected graphs, such

that limn→∞ d(Sp(Gn), l
d(n)
p ) = ∞, where d(n) = |V (Gn)| − 1?
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3.6.2 More l1-theory

Problem 3 Estimate s(G) for different classes of graphs.

Problem 4 Prove or disprove the following statement: S1(G) cannot be ‘very far’ from lm1
with respect to the Banach-Mazur distance. That is, either find a sequence {S1(Gn)}∞n=1

for which d(S1(Gn), l
d(n)
1 ) ≥ (d(n))δ for some δ > 0, or show that such sequence does not

exist.

Problem 5 Find more precise estimates for d(S1(G), lm1 ) when G is a discrete torus.

Problem 6 Find estimates for the Banach-Mazur distance to ld1 of ‘large’ subspaces of
S1(G). (See Section 3.5.3.)

3.6.3 Generalizations

One of the interesting problems is to generalize known results on S1(G) to the class of
finite dimensional normed spaces whose dual balls are zonotopes spanned by multiples
of rows of totally unimodular matrices. This problem naturally arises in the study of
minimal-volume projections of cubes. See [Ost03] for background on this problem.
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