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1 Introduction and basic definitions

Let G be a graph and let T be a spanning tree in G (saying this we mean that
T is a subgraph of G). We follow the terminology and notation of [2]. For
A,B ⊂ V (G) by eG(A,B) we denote the number of edges in G with one end
in A and the other end in B. For each edge e of T let Ae and Be be the vertex
sets of the components of T\e. We define the edge congestion of G in T by

ec(G : T ) = max
e∈E(T )

eG(Ae, Be).

The number eG(Ae, Be) is called the congestion in e. The name comes from
the following analogy. Imagine that edges of G are roads, and edges of T are
those roads which are cleaned from snow after snowstorms. If we assume that
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each edge in G bears the same amount of traffic between its vertices, and that
after a snowstorm each driver takes the corresponding (unique) detour in T ,
then ec(G : T ) describes the traffic congestion at the most congested road of
T . It is clear that for applications it is interesting to find a spanning tree which
minimizes the congestion. We define the spanning tree congestion of G by

s(G) = min{ec(G : T ) : T is a spanning tree of G}. (1)

Each spanning tree T in G satisfying ec(G : T ) = s(G) is called a minimum
congestion spanning tree. The parameters ec(G : T ) and s(G) were introduced
and studied in [9]. Some versions of these parameters were introduced and
studied before, see, for example, [5] and [10].

One of the interesting problems about the spanning tree congestion is to
estimate/evaluate it for some standard families of graphs. In this paper we
continue the study (see [3], [4], [6], [7], and [8]) of the spanning tree congestion
of cartesian products of complete graphs and paths.

2 An improvement of the upper bound for 3-dimensio-
nal cubic grids

By a 3-dimensional cubic grid [k]3 we mean the cartesian cube of a path of
length (k − 1), that is, the graph whose vertex set is the set of all triples in
{0, 1, . . . , k − 1}3, and vertices (x1, x2, x3) and (y1, y2, y3) are adjacent if for
some i we have |xi − yi| = 1, and xj = yj for all j 6= i. The spanning tree
congestion of [k]3 was studied in [3] and [7]. The main result of [3] on this
matter can be stated as:

2√
6
k2 − o(1) ≤ s([k]3) ≤ 7

8
k2 +O(k). (2)

The estimate from below was independently obtained in [7]. In both papers
the estimate from below is derived from inequalities of [1].

Our purpose now is to improve the upper estimate, replacing 7
8

by a smaller
number. In the same way as in [3] this result can be derived from the following
geometric result. A brick in R3 is a set of the form

∏3
i=1[ai, bi], where ai < bi

for all i. A rectilinear body is a finite union of bricks. For a rectilinear body
A ⊂ [0, 1]3 we write σ(A) for the surface area of A in the interior of [0, 1]3

and m(A) for the volume (Lebesgue measure) of A. We denote the area of a
2-dimensional set S by m2(S).

Theorem 1. There exists a partition of the solid cube [0, 1]3 into 6 rectilinear
bodies {Ai}6i=1 such that max1≤i≤6m(Ai) ≤ 1

2
and

max
1≤i≤6

σ(Ai) = −3 +
√

15. (3)

2



S2

S1

a

a

a

a

Figure 1: Cuts of [0, 1]× [0, 1]

Note. The main point of this result is that the right-hand side of (3) is < 7/8,
a simpler partition for which the maximum in (3) is 7/8 was found in [3].

Proof of Theorem 1. We let

A1 = [0, a]× [1− a, 1]× [0, 1], A2 = [1− a, 1]× [0, a]× [0, 1],

where a < 1
2
. We cut the faces [0, 1] × [0, 1] × {0} and [0, 1] × [0, 1] × {1}

of the cube using rectilinear cuts shown in Figure 1 and in such a way that
m2(S1) = m2(S2).

The remaining elements of the partition:

A3 = S1 ×
[
0,

1

2

]
, A4 = S1 ×

[
1

2
, 1

]
, A5 = S2 ×

[
0,

1

2

]
, A6 = S2 ×

[
1

2
, 1

]
.

It is easy to see that σ(A1) = σ(A2) = 2a and that σ(A3) = σ(A4) = σ(A5) =
σ(A6). We pick a in such a way that σ(A1) = · · · = σ(A6). It remains to find
this number. We have

σ(A3) = m2(S1) + (1− a) =
1− 2a2

2
+ (1− a).

Equating σ(A1) and σ(A3) we get a = −3+
√
15

2
.

3 Cartesian products of complete graphs

Spanning tree congestion of cartesian products of complete graphs was studied
in [6]. Our purpose here is to get upper estimates for the spanning tree con-
gestion of cartesian powers of complete graphs. Let d, n ∈ N, we introduce the
graph H = H(d, n) as a cartesian product of d copies of the complete graph
Kn. This means that vertices of H are d-tuples of vertices of Kn; two d-tuples
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(v1, . . . , vd) and (u1, . . . , ud) are adjacent in H if and only if ui = vi for all but
one i ∈ {1, . . . , d}. When n is clear from context we also write Hd for H(d, n).

It was shown in [6, Lemma 4.4] that s(H) ≥ (nd − 1) logn d/d for n, d ≥ 3.
We use the approach of [8] to show that for fixed n and large d

s(Hd) = O

(
logn d

d
· nd

)
, (4)

and thus s(Hd) = Θ
(

logn d
d
· nd
)

.

To establish (4) we construct a tree T such that ec(Hd : T ) has a suitable
estimate from above. We identify the vertex set of Kn with {0, 1, . . . , n − 1}
and denote by 0d the d-tuple (0, . . . , 0). We assume d, n ≥ 3.

First we construct what we call a standard spanning tree Td of Hd, it is a
tree with centroid at 0d and such that ec(Hd : Td) = (n − 1)nd−1. Let T1 be
the spanning tree of H1 with edge set {0i : i = 1, 2, · · · , n − 1}. Clearly, the
congestion of T1 is n−1. For j ≥ 1 and 0 ≤ i ≤ n−1, let T i

j = Tj×{i} ⊂ Hj+1

and Sj+1 = 0j × T1. Then Tj+1 = (
⋃n−1

i=0 T
i
j )∪ Sj+1 is a spanning tree of Hj+1,

with the property that one of the components obtained after deletion of any
of the edges is isomorphic to Ha for some 0 ≤ a ≤ j. Counting edges joining
such component with its complement we get

ec(Hj+1 : Tj+1) = max
0≤a≤j

((j + 1− a)(n− 1)na) = (n− 1)nj.

Thus, we have obtained a preliminary estimate s(Hd) ≤ (n− 1)nd−1. Now we
describe our construction of a spanning tree of lower congestion in Hd for d
large compared to n. Later we shall also use the observation that the radius
of the standard spanning tree is d and that 0d is its central vertex.

1. We partition V (Hd) = ∪v∈V (Hk)V (Hv) where k = blogn d(n − 1)c and
V (Hv) = {v} × V (Hd−k). In other words, we partition Hd into at most
d(n − 1) pieces which are isomorphic to cartesian powers of Kn. The
main idea behind this is that the edge-boundary of each such piece is
close to the bound given by edge-isoperimetric inequality; this is why we
get close-to-optimal bound for congestion.

2. The spanning tree which we construct is a union of trees S(v) which are
close to standard spanning trees of Hv and a tree F , which we call a
frame, connecting Hv with 0d; 0d is a centroid of the constructed tree.
The tree F is constructed as a subdivided star with |V (Hk)| leaves, each
leave is in the corresponding V (Hv).

3. The tree F in addition to a leaf in V (Hv) has to contain some vertices
of
⋃

v∈V (Hk)
V (Hv) as vertices of degree 2. For this reason the union of F

and of all standard spanning trees in Hv is not a tree, we have to modify
standard spanning trees in Hv and to show that this modification does
not affect much the spanning tree congestion.
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Since we assumed d, n ≥ 3, we have k = blogn d(n − 1)c ≥ 1. We turn to
construction of F .

Let T be a standard spanning tree of Hk. Since the degree of 0k in T is
p := k(n−1), we may choose leaves l1, l2, · · · , lp such that the paths in T from
0k to l1, l2, · · · , lp are edge-disjoint.

We construct a path in Hd joining 0d and Hli (i = 1, 2, · · · , p) in the fol-
lowing way. Let 0kT li = 0kvi1vi2 · · · li be the path joining 0k and li in T . Then
0d(vi1, 0d−k)(vi2, 0d−k) · · · (li, 0d−k) is the desired path, we denote it P (li).

Let r1 = 0k, r2, · · · , rq be the remaining vertices of T , where q = nk−k(n−
1) ≤ (n− 1)(d− k). Let

ϕ : {r1, r2, · · · , rq} → {(a, b) | a ∈ {1, . . . , d− k}, b ∈ {1, . . . , n− 1}}

be an injection such that ϕ(r1) = (1, 1). For each 1 ≤ j ≤ q, let fj = bea
where ϕ(rj) = (a, b) and {e1, e2, · · · , ed−k} forms a unit vector basis of Rd−k.
We identify fj with the corresponding vertex in Hd−k.

We construct paths P (rj) joining 0d and Hrj as follows. We let P (r1) =
0d(0k, f1). If j ≥ 2 and 0kTrj = 0kuj1uj2 · · · rj is the corresponding path in T ,
we let

P (rj) = 0d(0k, fj)(uj1, fj)(uj2, fj) · · · (rj, fj).
The union of all paths P (li) and P (rj) is a subdivided star which is the

desired frame F . We use the term connecting vertices for leaves of F .
Our next step is to find a spanning tree S(v) in the remainder of each Hv.

By the remainder we meanHv from which we remove all vertices having degree
≥ 2 in F . If v = li, there are no vertices of F of degree ≥ 2 in Hv, and we let
S(v) to be a standard spanning tree in Hv with the centroid at the connecting
vertex (v, 0d−k).

For v = rj the connecting vertex is a neighbor of (v, 0d−k), because fj has
only one non-zero coordinate. Some other neighbors of (v, 0d−k) also can have
degree 2 on F , they can belong to some of the paths P (rk), k 6= j. The vertex
(v, 0d−k) itself can belong to one of P (li).

Since Hd−k is edge-transitive, it is easy to check that there is an isomorphism
of Hd−k onto Hv which maps the standard spanning tree of Hd−k onto a tree
R(v) for which all neighbors of (v, 0d−k) are leaves. Deleting from R(v) those
of these leaves which have degree 2 in F we get the desired tree S(v). Similar
construction works for r1 = 0k and f1 = e1. An important observation which
follows from our definition of fj is that every edge of S(v) disconnects either
a copy of Ha, or a copy of Ha with one vertex deleted for 0 ≤ a ≤ d− k − 1.

We form the desired spanning tree in Hd as T =
(⋃

v∈Hk
S(v)

)
∪ F . Now

we estimate ec(Hd : T ).
The congestion in an edge of S(li) which separates a component isomorphic

to Ha (a ∈ {1, . . . , d− k− 1}) is (n− 1)(d− a)na. This quantity is maximized
when a = d− k − 1, so it does not exceed (n− 1)(k + 1)nd−k−1.
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The congestion in an edge of S(rj), which separates a component isomor-
phic to Ha can be estimated as above. If the separated component is Ha

with one vertex deleted, it is easy to see that the congestion does not ex-
ceed (n − 1)(d − a)(na − 1) + a(n − 1). As the derivative of this function
with respect to a is positive, we conclude that the congestion does not exceed
(n− 1)

(
(k + 1)nd−k−1 + d

)
.

The congestion in an edge of F incident with a connecting vertex of Hv can
be estimated as follows. Let b ∈ {1, . . . , q} be the number of other vertices in
V (Hv) ∩ V (F). The congestion does not exceed

(n− 1)k(nd−k − b) + b(n− 1)(d− k)

< (n− 1)(knd−k + bd)

≤ (n− 1)[knd−k + (nk − k(n− 1))d]

The length of the path from the connecting vertex to 0d in F does not
exceed k + 1. The congestion increases by at most d(n − 1) with each edge
on the way from the connecting vertex to 0d (because d(n − 1) is the de-
gree of a vertex). Therefore, the congestion in an edge in F is at most
(n− 1)

(
knd−k + (nk − k(n− 1))d+ (k + 1)d

)
.

Taking the maximum of these three estimates we get ec(Hd : T ) ≤ (n −
1)[knd−k + d(nk − kn + 2k + 1)]. Thus, we have proved the following upper
bound. As we observed above, if n is fixed and d is large, this bound is close
to the corresponding lower bound from [6].

Theorem 2. If d, n ≥ 3, then

s(Hd) ≤ (n− 1) min

{(
blogn d(n− 1)c
nblogn d(n−1)c nd + d2(n− 1)

)
, nd−1

}
.
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