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Abstract. In their study of isometries of Lorentz sequence spaces Beckenstein and
Narici (Indian J. Math. 2008, suppl., 21–60) introduced the notion of m-proportional
sequences. The purpose of this paper is to prove the existence of strictly decreasing
m-proportional Lorentz sequences.
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1. Introduction

Study of isometries of Banach spaces is one of the important directions in the Banach
space theory, see [3, 4] for an account of this direction. Recently Beckenstein and
Narici [1] undertook an in-depth study of both surjective and non-surjective isometries
of Lorentz sequence space, see [2] for a review of [1] written by one of the authors of
the mentioned monograph.

In connection with their study Beckenstein and Narici asked a question about exis-
tence of sequences with some special properties. The purpose of this paper is to answer
the question.

2. Definitions

An important role in [1] is played by the following classes of sequences:

Definition 1. A sequence {v(n)}∞n=1 of positive real numbers is called a Lorentz se-
quence if it is non-increasing, v(1) = 1, limn→∞ v(n) = 0, and

(1)
∞∑

n=1

v(n) =∞.
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Let m ∈ N. A Lorentz sequence is called m-proportional, if there is a positive number
a such that

(2) ∀n ∈ N v(n) = a

(
m∑

k=1

v (m (n− 1) + k)

)
.

Beckenstein and Narici ask [1, Conjecture 4.20]: is it possible to find a strictly
decreasing m-proportional Lorentz sequence? We show that such sequences exist.

3. Existence of strictly decreasing m-proportional Lorentz sequences

The main result of this paper:

Theorem 2. There exist strictly decreasing m-proportional Lorentz sequences.

Proof. To prove the existence of such sequences we use the following example of a 4-
proportional Lorentz sequence from [1, Example 4.17]. The example corresponds to
the case m = 4, a = 1

2 . The first four elements are selected as v(1) = 1, v(2) = v(3) =
v(4) = 1

3 . All further elements are constructed in the following manner. Observe that
the special case of (2) corresponding to m = 4, a = 1

2 can be written as

(3) 2v(k) = v(4k − 3) + v(4k − 2) + v(4k − 1) + v(4k).

For k = 1 the equation is satisfied because of the described choice of the corresponding
terms. To satisfy (3) for k ≥ 2 Beckenstein and Narici let

(4) v(4k − 3) = v(4k − 2) = v(4k − 1) = v(4k) =
1
2

v(k)

for k ≥ 2. It is easy to verify that the equations (4) do not contradict each other and
that in such a way we get a 4-proportional Lorentz sequence. We call it the BN-se-
quence.

We are going to modify the BN-sequence in such a way that the modification con-
tinues to satisfy (3), but becomes strictly decreasing. We complete the proof of the
theorem using the following observation:

Observation 3. If {v(n)} is a sequence with positive terms, then (3) implies (1).

Proof. Let Sj =
∑4j+1

i=4j+1 v(i), (j = 0, 1, 2, . . . ). Condition (3) implies Sj+1 = 2Sj (as i

runs from 4j + 1 to 4j+1, the numbers 4i− 3, 4i− 2, 4i− 1, 4i cover the set of numbers
from 4j+1 + 1 to 4j+2). Since the sums are positive and the sets of terms included in
the sums {Sj}∞j=0 are disjoint, the divergence of the series (1) follows. �

It will be convenient to use the following terminology:

Definition 4. The quadruple of integers of the form (4k−3, 4k−2, 4k−1, 4k) is called
a block.

We say that a block (4k − 3, 4k − 2, 4k − 1, 4k) is in a right position in the sequence
{v(n)} if

v(4k − 4) > v(4k − 3) ≥ v(4k − 2) ≥ v(4k − 1) ≥ v(4k) > v(4k + 1).
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Lemma 5. Let v(1), . . . , v(4m), m ≥ 1 be a strictly decreasing sequence satisfying
v(1) = 1 and all relations of the form (3) which do not involve v(j) with j > 4m. Define
v(4m + 1), v(4m + 2), . . . using equation (4) for k > m. If v(1), . . . , v(4m) satisfies
v(1) = 1 and v(m + 1) < 2v(4m), then the obtained sequence is an m-proportional
Lorentz sequence and the block v(4m + 1), v(4m + 2), v(4m + 3), v(4m + 4) is in a right
position in it.

Proof. If we define the rest of the sequence using (4) for k > m, and use Observation 3,
we see that the only possible obstacle for getting an m-proportional Lorentz sequence
is that it may happen that v(4m + 1) > v(4m) for v(4m + 1) defined by v(4m + 1) =
1
2v(m + 1). Our assumption implies that v(4m + 1) < v(4m). Also, since we assume
that v(m + 1) > v(m + 2), we have v(4m + 5) = 1

2v(m + 2) < 1
2v(m + 1) = v(4m + 4).

Thus the block v(4m + 1), v(4m + 2), v(4m + 3), v(4m + 4) is in a right position. �

Lemma 6. Let v(4m+1), v(4m+2), v(4m+3), v(4m+4) be the block in a right position
from Lemma 5. Then there is ε > 0 such that replacing v(4m + 1), v(4m + 2), v(4m +
3), v(4m + 4) by v(4m + 1) + 2ε, v(4m + 2) + ε, v(4m + 3)− ε, v(4m + 4)− 2ε, we get a
sequence of length 4m + 4 satisfying all the conditions of Lemma 5 if we replace m by
m + 1 in it.

Proof. We need to worry only about two inequalities: v(4m + 1) + 2ε < v(4m) and
v(4m + 4)− 2ε > 1

2v(m + 2). Both inequalities can be satisfied if we choose ε > 0 small
enough, because the right position of the block implies that v(4m + 1) < v(4m) and
v(4m + 4) > v(4m + 5) = 1

2v(m + 2). �

Now we proceed with modifications of the BN-sequence. We keep v(1) as is, that is
v(1) = 1, we replace 1

3 , 1
3 , 1

3 by 1
3 + ε, 1

3 , 1
3 − ε. It is easy to check that all the conditions

of Lemma 5 are satisfied for m = 1 provided ε > 0 and
(

1
3 − ε

)
> 1

2

(
1
3 + ε

)
.

The combination of Lemmas 5 and 6 allows to do similar modifications for all of
the blocks. We consider the point-wise limit of all sequences obtained in this way. It
is clear that the result is a strictly decreasing sequence satisfying (3) and v(1) = 1.
Applying Observation 3 we complete the proof of the theorem. �
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