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In this paper we study linear fractional relations defined in the following way.

LetHi, H′
i, i = 1, 2, be Hilbert spaces. We denote the space of bounded linear operators acting fromHj

to H′
i by L(Hj ,H′

i). Let T ∈ L(H1 ⊕ H2,H′
1 ⊕ H′

2). To each such operator there corresponds a2 × 2
operator matrix of the form

T =

�
T11 T12

T21 T22

�
, (∗)

whereTij ∈ L(Hj ,H′
i), i, j = 1, 2. For each suchT we define a set-valued mapGT from L(H1,H2) into

the set of closed affine subspaces ofL(H′
1,H′

2) by

GT (K) = {K′ ∈ L(H′
1,H′

2) : T21 + T22K = K′(T11 + T12K)}.

The mapGT is called alinear fractional relation.

The main result of the paper is the description of operator matrices of the form (*) for which the relation
GT is defined on some open ball of the spaceL(H1,H2).

Linear fractional relations are natural generalizations of linear fractional transformations studied by
M. G. Krein and Yu. L.Šmuljan (1967).

The study of both linear fractional transformations and linear fractional relations is motivated by the theory
of spaces with an indefinite metric and its applications.
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1 Introduction

Linear fractional functions

w(z) =
az + b

cz + d

play an outstanding role in the classical complex function theory. In recent publications these
functions and their extensions to several variables found important applications to composition
operators on functional Hardy and Bergman spaces ([1], [5], [6], [7]), to the Koenigs embed-
ding problem and related Abel-Schröder type functional equations ([1], [19], [20], [21], [22],
[23]), to the study of dichotomous behavior of solutions of differential equations in Hilbert
space ([17], [24], [25], [26], [27]), and to generating theory of one-parameter semigroups
([18], [39]).
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The infinite-dimensional, operator, analogues of linear fractional functions are linear frac-
tional transformations (LFT) introduced by M. G. Krein [28], [29] for the study of invariant
subspaces and spectra of operators on spaces with an indefinite metric. The theory of LFT was
developed and applied to various problems concerning differential operators, PDE, stability,
mechanics and hydrodynamics in [8], [9], [10], [14], [15], [30], [33], [34], [35], [37], [38], and
many other papers. A survey of the results obtained up to the beginning of 1980s can be found
in the monograph T. Ya Azizov and I. S. Iokhvidov [2]. Further developments can be found in
[16] and the papers cited at the beginning of the introduction. Some other generalizations of
LFT were considered by I. S. Iokhvidov [11].

Linear fractional transformations are defined by the same formula as linear fractional func-
tions:

W (Z) = (AZ + B)(CZ + D)−1,

but nowA, B, C,D, Z, andW are operators acting on infinite-dimensional spaces. Applica-
bility of LFT is restricted by the possible non-invertibility of the values of the operator pencil
CZ + D. It is quite difficult (in the infinite-dimensional setting) to extend domains of LFT
by means of the analytic continuation or other function-theoretic methods. In this paper we
extend the domain of an LFT just rewriting the defining formula for it as a relation:

AZ + B = W (CZ + D), (1)

and regarding the set of allW satisfying (1) as the image ofZ. Surprisingly such a simple
extension turns out to be useful. In this paper we are going to show that some natural questions
concerning such set-valued maps require non-trivial techniques and have interesting answers.

Moreover this generalization of the approach allows to obtain new applications to Abel-
Schr̈oder type functional equations and related Koenigs embedding problem, to extensions
of invariant pairs of dual subspaces of commutative families of operators in Krein spaces, to
differential and difference equations in Hilbert spaces. They will be presented in subsequent
publications of the authors and L. Zelenko.

We shall use the following notation.

LetHi, H′
i, i = 1, 2, be Hilbert spaces. The space of bounded linear operators acting from

Hj toH′
i is denoted byL(Hj,H′

i).

Let T be a2× 2 operator matrix of the form

T =

(
T11 T12

T21 T22

)
, (2)

whereTij ∈ L(Hj,H′
i), i, j = 1, 2. To each such matrix we relate a set-valued mapGT from

L(H1,H2) into the set of closed affine subspaces ofL(H′
1,H′

2) by setting

GT (K) = {K ′ ∈ L(H′
1,H′

2) : T21 + T22K = K ′(T11 + T12K)}. (3)

Definition 1.1 The mapGT is called alinear fractional relation(LFR).

Definition 1.2 A linear fractional relationGT is said to bedefinedatK if GT (K) 6= ∅. The
set of allK ∈ L(H1,H2) at whichGT is defined will be denoted bydom(GT ).
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The closed ball of radiusr > 0 centered at0 in a Banach spaceX will be denoted byBX(r).
ForX = L(H1,H2) we writeBL(r).

We shall consider spacesH = H1 ⊕H2 andH′ = H′
1 ⊕H′

2. Sometimes we shall identify
spacesH1 andH2 with the corresponding subspaces ofH and spacesH′

1 andH′
2 with the

corresponding subspaces ofH′.

It is clear thatT can be considered as an operator fromH toH′.

The paper is devoted to the study of basic properties of linear fractional relations for oper-
ators on Hilbert spaces. The main result of this paper is Theorem 3.2 (Section 3). This result
characterizes matricesT for whichGT is defined onBL(r) for somer > 0. It can be described
in the following way: apart of the trivial case of “constant” LFR the class of all such matrices
consists of two subclasses:

(I) Matrices for which the blockT11 is left invertible;

(II) Matrices for whichT11 has non-zero finite-dimensional kernel and closed range of infi-
nite codimension and for which the range ofT does not intersect the subspaceH′

2.

This dichotomy is reflected in the properties of the corresponding LFR. Roughly speaking
matrices of the class (I) define LFR with “regular” properties, such as continuity or local
boundedness. The LFR defined by matrices of the class (II) have somewhat unusual behavior,
in particular, they are “almost constant” in the sense explained in Corollary 4.1 and their
domains contain all compact operators fromL(H1,H2) (Corollary 4.10).

We finish by the study of topological and algebraic properties of the correspondenceT 7→
GT for LFR with sufficiently large domains.

2 Constant linear fractional relations

Definition 2.1 Let A ⊂ L(H1,H2). We say thatGT is constant onA if GT (K) is defined
for everyK ∈ A and there exists an operatorW ∈ L(H′

1,H′
2) satisfyingW ∈ GT (K) for

everyK ∈ A. If GT is constant onL(H1,H2) we simply say thatGT is constant.

We show that an LFR which is constant on a sufficiently large set is constant.

Definition 2.2 A subsetA of L(H1,H2) is calledrich if the subspace ofH2 spanned by the
union of all subspaces of the form(K1 −K2)H1, whereK1, K2 ∈ A, is dense.

Clearly every subset containing a ball ofL(H1,H2) is rich.

Proposition 2.3 Let A ⊂ L(H1,H2) be rich. For a matrixT the following conditions are
equivalent:

: (i) GT is constant onA.

: (ii) There exists an operatorW in L(H′
1,H′

2) such that

T =

(
T11 T12

WT11 WT12

)
. (4)

: (iii) GT is constant.
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: (iv) T (H1 ⊕H2) ⊂ {x′ ⊕ y′ ∈ H′
1 ⊕H′

2 : ||y′|| ≤ C||x′||}, for someC > 0.

P r o o f. We start by proving (i)⇒(ii). Let GT be constant on a rich setA and letW be an
operator satisfying

W ∈ GT (K) ∀K ∈ A.

Let K1, K2 ∈ A. Then

T21 + T22K1 = W (T11 + T12K1) (5)

and

T21 + T22K2 = W (T11 + T12K2) (6)

Subtracting (6) from (5) we get

T22(K1 −K2) = WT12(K1 −K2).

ThereforeT22x = WT12x for eachx ∈ (K1−K2)H1. SinceA is rich, it impliesT22 = WT12.

Now we deriveT21 = WT11 from either (5) or (6).

The implications (ii)⇒(iii)⇒(i) are obvious.

The condition (iv) can be rewritten in the following way:

||T21x + T22y|| ≤ C||T11x + T12y||, ∀x, y.

This inequality is equivalent to the existence of an operatorW inL(H1,H2) satisfying||W || ≤
C and

T21x + T22y = W (T11x + T12y), ∀x, y. (7)

Clearly (7) takes place if and only if bothT21 = WT11 andT22 = WT12. Thus (iv)⇔(ii).

3 The main theorem

Definition 3.1 A continuous linear operatorS acting between two Hilbert spaces is called
left Fredholmif its kernel is finite-dimensional and its image is closed.

Theorem 3.2 An LFR GT is defined on some ballBL(r), r > 0, if and only if at least one
of the following conditions is satisfied.

: (a) GT is constant.

: (b) The operatorT11 is bounded below.

: (c) The operatorT11 is left Fredholm andT (H) ∩H′
2 = {0}.

P r o o f. We start by proving that each of the conditions(a), (b), and(c) implies thatGT is
defined on some ballBL(r), r > 0.

If (a) holds, thenGT is defined onL(H1,H2).
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The condition (b) implies that there existsr > 0 such thatT11 + T12K is bounded below if
K ∈ BL(r). Since we consider Hilbert spaces the boundedness below implies left invertibility.
Therefore for eachK ∈ BL(r) there existsK ′ satisfying

T21 + T22K = K ′(T11 + T12K). (8)

In other words,GT is defined onBL(r).

Suppose now that (b) fails and (c) holds. It is well known that the set of left Fredholm
operators is open (see e.g. [32, p. 78]). Therefore there existsr > 0 such thatT11 + T12K is
left Fredholm whenK ∈ BL(r).

If x ∈ ker(T11 + T12K), thenT (x⊕Kx) ∈ H′
2. By the second part of the condition (c) we

getT (x⊕Kx) = 0. This means that(T21 + T22K)x = 0. We proved thatker(T21 + T22K) ⊃
ker(T11 + T12K).

It can be easily verified that ifR is a left Fredholm operator, then, for any operatorS with
ker R ⊂ ker S, there is an operatorW such thatS = WR. Thus for everyK ∈ BL(r) there
existsK ′ satisfying (8). It means thatGT is defined onBL(r).

Conversely, suppose thatT is such that for somer > 0 the relationGT is defined onBL(r)
and GT is not constant. Our first aim is to prove thatT11 is left Fredholm. We need the
following result.

Lemma 3.3 If an operatorS : H1 → H′
1 is not left Fredholm, then there exists a closed

subspaceL of infinite codimension inH1 such thatS(L) is dense inS(H1).

P r o o f. This result can be derived from the result of Plichko [36] on quasicomplementary
subspaces. Recall that closed subspacesA andB of a Banach spaceC are calledquasicomple-
mentaryif A∩B = {0} and cl(A+B) = C. The subspacesA andB are calledcomplementary
if A ∩B = {0} andA + B = C.

Theorem 3.4 [36, Theorem 2].Let A andB be quasicomplementary, but not complemen-
tary, subspaces ofC. Then there exists a closed subspaceB1 ⊃ B such thatdim(B1/B) = ∞
andB1 ∩ A = {0}.

So letS be a non-left-Fredholm operator. It is enough to consider the caseker S = {0}. Let
B = cl(S(H1)) and letC = B ⊕H1. Let G ⊂ C be the graph ofS, andA be its orthogonal
complement. ThenA andB are quasicomplementary, but not complementary, subspaces ofC.
By Theorem 3.4 there exists a subspaceB1 ⊃ B such thatdim(B1/B) = ∞ andB1∩A = {0}.
Let L be the orthogonal complement ofB1 in C. Straighforward verification shows thatL is a
subspace ofH1 and thatS(L) is dense inB.

Remark 3.5 To prove Lemma 3.3 it was enough to use earlier results of James [12] or
Johnson [13] instead of Theorem 3.4.

We continue our proof of Theorem 3.2. To prove thatT11 is left Fredholm we assume the
contrary.

SinceGT is non-constant, there is no operatorW ∈ L(H′
1,H′

2) satisfying

T21 = WT11 andT22 = WT12
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Consider the setΩ of all pairsΣ = (α, β), whereα is a finite subset ofH1 andβ is a finite
subset ofH2.

For each such pair byWΣ we denote the set of all operatorsW ∈ L(H′
1,H′

2) satisfying the
conditions

WT11x = T21x, ∀x ∈ α,

and
WT12x = T22x, ∀x ∈ β.

Let CΣ = inf{||W || : W ∈ WΣ}. If WΣ = ∅, we setCΣ = ∞.

In the case whenCΣ < ∞ we denote byWΣ one of the operators fromWΣ satisfying
WΣ = CΣ (the existence of such operators is obvious).

We claim that

sup
Σ

CΣ = ∞. (9)

Assume the contrary. LetU be some ultrafilter on the setΩ ordered in the natural way, that
is,

(α1, β1) ≤ (α2, β2) ↔ α1 ⊂ α2 andβ1 ⊂ β2.

Closed balls inL(H′
1,H′

2) are compact in the weak operator topology (see, e.g., [4, p. 38]).
Hence we may consider the operator

W = w − lim
U

WΣ,

where the limit is in the weak operator topology. It is easy to see that

WT11 = T21 andWT12 = T22,

and we get a contradiction. The statement (9) follows.

Hence there exists a sequence{Σk}∞k=1 in Ω such that

Σ1 ≤ Σ2 ≤ · · · ≤ Σk ≤ . . .

and

lim
k→∞

CΣk
= ∞. (10)

Let Σk = (αk, βk) and letM be the closed subspace ofH2 spanned by
⋃∞

k=1 βk. It is
easy to see thatM is separable. Without loss of generality we may assume thatM is infinite
dimensional.

Now we use the assumption thatT11 is not left Fredholm. By Lemma 3.3 there exists a
subspaceL ⊂ H1 of infinite codimension such thatT11(L) is dense inT11(H1). Without
loss of generality we assume that the orthogonal complementR of L in H1 is separable (we
increaseL if necessary).

We introduceK ∈ L(H1,H2) as an operator satisfying the following conditions.
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(I) K|L = 0.

(II) K mapsR onto a dense subspace ofM .

The existence of suchK follows from the fact that bothR andM are separable and infinite
dimensional.

Fix t ≤ r/||K||. The LFRGT is defined onBL(r). Hence there existsWt satisfying

T21 + T22tK = Wt(T11 + T12tK) (11)

andW0 such that
T21 = W0T11.

From (11) and (I) we get
T21x = WtT11x, ∀x ∈ L.

SinceT11(L) is dense inT11(H1), we conclude that

Wtx = W0x, ∀x ∈ T11(H1).

Hence

T21 = WtT11 (12)

Subtracting (12) from (11) we get

T22tK = WtT12tK.

Since the image ofK is dense inM , we get

T22x = WtT12x, ∀x ∈ M.

In particular,

T22x = WtT12x, ∀x ∈
∞⋃

k=1

βk.

Together with (12) this contradicts (10). This contradiction implies thatT11 is left Fredholm.

To finish the proof of Theorem 3.2 it remains to show that ifT11 is not bounded from below,
thenT (H) ∩ H′

2 = 0. Suppose thatT (x ⊕ y) ∈ H′
2. This means thatT11x + T12y = 0. We

need to show that it impliesT21x + T22y = 0.

The operatorT11 is left Fredholm and is not bounded below, thereforeker T11 6= {0}. Hence
we can choosez ∈ ker T11 in such a way thatr||z + x|| ≥ ||y||. Then there existsK ∈ BL(r)
satisfyingK(z + x) = y. Hencez + x ∈ ker(T11 + T12K).

The LFRGT is defined onBL(r). Hence there existW satisfying

T21 + T22K = W (T11 + T12K) (13)

andW0 satisfying

T21 = W0T11. (14)
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From (13) we get thatz + x ∈ ker(T21 + T22K). It follows from (14) thatz ∈ ker T21.
Hence

0 = (T21 + T22K)(z + x) = T21z + T21x + T22K(z + x) = T21x + T22y,

and we are done.

Remark 3.6 We did not use the assumption thatGT is defined onBL(r) in its full strength.
To conclude thatT11 is left Fredholm it suffices to know that

(a) For every pair of separable infinite dimensional subspacesR,M there is an operatorK ∈
dom(GT ) such thatK(R) is dense inM and the orthogonal complement ofR is in ker K;

(b) 0 ∈ dom(GT ).

Remark 3.7 The second condition in (c) can be written as

TH ⊂
⋃
C>0

{x′ ⊕ y′ ∈ H′
1 ⊕H′

2 : ||y′|| ≤ C||x′||}.

In particular it holds for all constantGT (see Proposition 2.3 (iv)).

Remark 3.8 Let us rewrite the equality

T21 + T22K = W (T11 + T12K)

in the form

T21 + T22K0 + T22(K −K0) = W (T11 + T12K0 + T12(K −K0))

and letSi1 = Ti1 + Ti2K0 andSi2 = Ti2, i = 1, 2. It is clear that the study ofGT nearK0 is
reduced to the study ofGS near0. We call this tricka standard shift.

It is easy to see thatGT is constant if and only ifGS is constant and that

T (H) ∩H′
2 = {0} ⇔ S(H) ∩H′

2 = {0}.

HenceGT is defined on some ball ofL(H1,H2) centered atK0 if and only if at least one of
the following conditions is satisfied.

(i) GT is constant.

(ii) The operatorT11 + T12K0 is bounded below.

(iii) The operatorT11 + T12K0 is left Fredholm andT (H) ∩H′
2 = {0}.

4 Some consequences of the main theorem and additional results

The following corollary shows that ifT11 is not bounded below and the LFRGT is defined on
some ballBL(r), r > 0, thenGT is “almost constant” in the sense that there is a (possibly
unbounded) linear operatorR satisfying the equation

T21 + T22K = R(T11 + T12K) (15)

for all K ∈ L(H1,H2).
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Corollary 4.1 If T11 is not bounded below and theLFR GT is defined on a ballBL(r), then
there is a linear operatorR : H′

1 → H′
2 such that

R(T11x + T12y) = T21x + T22y (16)

for all x ∈ H1, y ∈ H2. In particular the inclusions

ker T11 ⊂ ker T21, ker T12 ⊂ ker T22 (17)

and the equality(15)hold.

P r o o f. The validity of (16) for allx, y and (15) for allK are clearly equivalent. The
result is obvious ifGT is constant. Suppose thatGT is non-constant. It suffices to show that
T11x + T12y = 0 impliesT21x + T22y = 0. But exactly this fact was established at the end of
the proof of Theorem 3.2.

Definition 4.2 Let A ⊂ L(H1,H2). An LFR GT is bounded onA if there isC > 0 such
that for everyK ∈ A there existsW ∈ GT (K) with ||W || < C.

Corollary 4.3 A non-constantLFR GT is bounded onBL(r) for somer > 0 if and only if
T11 is bounded below.

P r o o f. If T11 is bounded below, then it is left invertible (we consider Hilbert spaces).
Therefore there existε > 0 andC > 0 such that each operatorM satisfying||M − T11|| < ε
has a left inversel(M) with ||l(M)|| < C. Hence for||K|| < ||T12||−1ε, we haveWK =
(T21 + T22K)l(T11 + T12K) ∈ GT (K) and||WK || < C(||T21||+ ε||T12||−1||T22||).

Conversely, suppose thatT11 is not an isomorphic embedding. Thenker T11 6= 0 and by
Corollary 4.1 there is a linear operatorR defined on the subspaceE = T11H1 + T12H2 and
satisfying (16) and (15), for allK ∈ BL(r). If GT is bounded onBL(r), then there isC > 0
such thatGT (K) ∩BL(C) 6= ∅, for eachK ∈ BL(r). We will prove thatR is bounded onE.

Indeed, letu = T11x+T12y. Using the same argument as at the end of the proof of Theorem
3.2 we findz ∈ ker T11(⊂ ker T21) andK ∈ BL(r) such thaty = K(x + z).

Let W ∈ GT (K) ∩ BL(C). Then||Ru|| = ||T21x + T22y|| = ||(T21 + T22K)(x + z)|| =
||W (T11 + T12K)(x + z)|| = ||Wu|| ≤ C||u||.

We extendR to a bounded operator onH1 and keep the notationR for this extension. It is
easy to see thatR ∈ ∩{GT (K) : ||K|| < r}. By Proposition 2.3 the LFRGT is constant.

We know from Theorem 3.2 that the “basic block”T11 of an operator matrix that defines a
non-constant LFR on a ball must be left Fredholm. Now we obtain a complete description of
such operators.

Corollary 4.4 Suppose thatGT is non-constant and defined on a neighborhood of0. Then
eitherker T11 = 0 or codimT11(H1) = ∞.

In the case whenH1,H′
1,H2,H′

2 are infinite dimensional separable Hilbert spaces, the
following converse statement is true: for any left Fredholm operatorS : H1 → H′

1 with
ker S = 0 or codimS(H1) = ∞ there is an operator matrixT with T11 = S such thatGT is
non-constant and defined on a neighborhood of0.
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P r o o f. If ker T11 6= 0 then by Corollary 4.1 there is a linear operatorR satisfying (15) and
(16). In particularR coincides with anyW ∈ GT (0) on T11H1 and therefore is bounded on
this subspace. ButR cannot be bounded onH1 (otherwiseGT would be constant). Hence
T11H1 has the infinite codimension.

Conversely, ifS is left Fredholm andker S = 0, then the proof of Corollary 4.3 shows that
for anyT with T11 = S, the LFRGT is defined on a neighborhood of 0. If we takeT12 = 0
andT22 6= 0, thenGT is non-constant.

Let S be left Fredholm with codimSH1 = ∞. Let E : H2 → H′
1 be an injective compact

operator withEH2 ∩ SH1 = {0}. We letT11 = S andT12 = E. Also we letT22 : H2 → H′
2

be non-compact, andT21 : H1 → H′
2 to be such thatker T21 ⊂ ker T11. Then the condition

T (H) ∩ H′
2 = {0} is satisfied. By Theorem 3.2 the LFRGT is defined on a neighborhood of

0. It is non-constant because the conditionT22 = WT12 cannot be satisfied.

We will say that an LFRGT is locally bounded on an open setU ⊂ L(H1,H2) if any point
of U has a neighborhood on whichGT is bounded.

Proposition 4.5 AnLFR GT is locally bounded on an open setU if and only if it is bounded
on all compact subsets ofU .

P r o o f. It is enough to consider non-constantGT . Suppose thatGT is bounded on compact
subsets ofU . Let K0 ∈ U ; we must show thatGT is bounded on a neighborhood ofK0.
Without loss of generality we may assume thatK0 = 0. SoGT is defined on some ballBL(r).
If T11 is not bounded below, thenker T11 6= 0 and by Corollary 4.1 there is a linear operator
R, defined on the subspace

E = {T11x + T12y : x ∈ H1, y ∈ H2},

satisfying (15) and (16). The LFRGT is non-constant. ThereforeR is not bounded onE.
Hence there is a sequenceun = T11xn + T12yn → 0 such thatRun does not tend to0.

Choosezn ∈ ker T11 in such a way thatr > ||yn||/||xn + zn|| → 0. Then there are
Kn ∈ BL(r) with ||Kn|| → 0 andyn = Kn(xn + zn). Since the set{Kn : n ∈ N} is
precompact there areWn ∈ GT (Kn) with sup ||Wn|| = C < ∞. Hence||Run|| = ||Wn(T11 +
T12Kn)(xn + zn)|| ≤ C||(T11 + T12Kn)(xn + zn)|| = C||un|| → 0. The contradiction shows
thatT11 is bounded below. By Corollary 4.3 the LFRGT is bounded on a neighborhood of0.

The converse implication follows from the definition of compactness (ifF is a compact
subset ofU , then for any point ofF we take a neighborhood on whichGT is bounded and
choose a finite subcovering).

Corollary 4.6 If a non-constantLFR GT is defined on an open connected subsetU of
L(H1,H2), then all operatorsT11+T12K, (K ∈ U) are left Fredholm and the cardinal number
m = codim(T11 + T12K) does not depend onK. If m < ∞, thenGT is locally bounded on
U .

P r o o f. LetK0 ∈ U . Applying the standard shift (see Remark 3.8 at the end of Section 3)
we see thatGS is defined and non-constant on a neighborhood of 0 and, by Corollary 4.4, the
operatorS11 = T11 + T12K0 is left Fredholm with either zero kernel or infinite-dimensional
cokernel. Now ifcodim(T11+T12K0)H1 = ∞, thenind(T11+T12K0) = −∞. Since the index
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is constant we get thatcodim(T11 + T12K)H1 = ∞, for all K ∈ U . It remains to consider the
case thatcodim(T11 +T12K)H1 < ∞, for all K ∈ U . By Corollary 4.4ker(T11 +T12K) = 0,
for all K ∈ U , andm = codim(T11 + T12K)H1 = −ind(T11 + T12K) = const. If m < ∞
then the local boundedness ofGT on U follows from Corollary 4.3 by the same trick (the
standard shift).

The following result was obtained in [23].

Corollary 4.7 If an LFR GT is non-constant and single-valued on an open set

A ⊂ L(H1,H2),

then it is anLFT.

P r o o f. We must show that the operatorT11 + T12K is invertible, for allK ∈ A. Using
the standard shift we may restrict our attention to case whenK = 0 andGT is defined and is
non-constant on a ballBL(r), r > 0. HenceT11 is left Fredholm. If it is not surjective, then
T11H1 is not dense inH1 and there are infinitely manyW satisfying the equationT21 = WT11.
HenceGT (0) is not a singleton. ThereforeT11 is surjective. By Corollary 4.4 the operatorT11

is injective.

The following corollary allows to remove singularities in the domains of LFR.
Corollary 4.8 If GT is defined on a setU\F , whereU is open andF is countable, thenGT

is defined onU .

P r o o f. Let us firstly show that the operatorT11 + T12K0 is left Fredholm, for everyK0 in
U ∩ dom(GT ). The standard shift allows us to restrict our attention to the caseK0 = 0. Thus
the condition(b) of Remark 3.6 is satisfied. To check that the condition(a) from the same
remark is satisfied, note that the set of all operatorsK ∈ BL(r) ⊂ U satisfying, for givenR
andM , the conditions in(a) is uncountable. Hence, there is such an operator inU\F . By the
remark, the operatorT11 is left Fredholm.

We have to prove thatK0 ∈ dom(GT ), for eachK0 ∈ U . We may suppose, without loss
of generality, thatK0 = 0. SinceF cannot contain all compact operators fromU , there is a
compact operatorK ∈ U ∩ domGT . By the first part of this proof the operatorT11 + T12K is
left Fredholm. HenceT11 is left Fredholm.

It remains to show thatker T11 ⊂ ker T21 (sinceT11 is left Fredholm, this would imply that
the equationT21 = WT11 has a solution). Letx ∈ ker T11. The set of allK ∈ U satisfying the
conditionKx = 0 is uncountable. Therefore, there is suchK in U\F . FromK ∈ dom(GT ),
we getker(T11 + T12K) ⊂ ker(T21 + T22K). Since(T11 + T12K)x = 0, we conclude that
(T21 + T22K)x = 0. HenceT21x = 0 andx ∈ ker T21.

The proof of the above corollary shows that it can be extended from countable setsF to
many other classes of sets. For example the following result can be proved using the same
argument.

Corollary 4.9 If GT is defined on all compact operators inBL(r), then it is defined on
BL(r

′) for somer′ < r.

In general one cannot taker′ = r in Corollary 4.9. Our next corollary implies that there
existT such thatGT is defined for all compact operators, but not everywhere.
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Corollary 4.10 Let anLFR GT be defined on an open setU ⊂ L(H1,H2). If GT is not
locally bounded, then its domain contains all compact operators.

P r o o f. Without loss of generality we suppose that0 ∈ U andGT is not bounded on a
neighborhood of0. ThenT11 is not bounded below and there is a linear operatorR satisfying
(15), for allK ∈ L(H1,H2). In other words,

ker(T21 + T22K) ⊂ ker(T11 + T12K).

If K is compact, the operatorT11+T12K is left Fredholm. Hence there is a bounded operator
W satisfying the equation

T21 + T22K = W (T11 + T12K).

This means thatK is in the domain ofGT .

It is known (and can be easily verified) that an LFT defined on allL(H1,H2) must be affine,
more precisely it has a formK 7→ AK + B, for some operatorsA, B. This is not the case
for linear fractional relations. For example, ifGT is not locally bounded andT12 is compact,
then the above proof shows thatdom(GT ) = L(H1,H2). Some necessary conditions for an
operator matrixT to define an LFR onL(H1,H2) are given in the next corollary.

Corollary 4.11 If a non-constantLFR GT is defined onL(H1,H2) then at least one of the
following conditions is satisfied

: (a)T12 is compact,

: (b) codim(T11H1) = ∞.

P r o o f. If codim(T11H1) < ∞, thenT11 is Fredholm and there is a Fredholm operator
F ∈ L(H′

1,H1) such thatFT11 − I is a compact operator.

It follows from Corollary 4.6 thatcodim((T11 +T12K)H1) < ∞ for all K. Hence operators
(T11+T12K) are Fredholm and the same is true forF (T11+T12K). It follows that the operator
I + FT12K is Fredholm, for everyK ∈ L(H1,H2).

We need to show that this condition implies thatT12 is compact. Assume the contrary. It
is well known ([3, p. 95]) that in such a case there exists an infinite dimensional subspace
L ⊂ H2 such thatT12|L is bounded below. The operatorF is Fredholm. Hence there exists an
infinite dimensional subspaceN ⊂ L such thatFT12|N is bounded below. LetM = FT12(N).
For eachx ∈ M there exists a uniquely determinedy ∈ N such thatFT12y = x. It is easy
to see that there exists an operatorK ∈ L(H1,H2) such thatK(x) = −y for each such pair
(x, y).

It is easy to verify that(I + FT12K)x = 0 for eachx ∈ M , we get a contradiction.

By T ∗ we denote the adjoint operator ofT , soT ∗ : H′ → H.

Definition 4.12 An LFR GT defined on a neighborhood of0 is called abiLFR if GT ∗ is also
defined on a neighborhood of0.

Corollary 4.13 If GT is a biFLR then either bothGT andGT ∗ are constant orT11 is invert-
ible (andGT is a linear fractional transform on a neighborhood of0).
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P r o o f. We claim that ifGT is constant, thenGT ∗ is constant. Indeed letT2i = WT1i.
SinceGT ∗ is defined at0, we have

(T ∗)21 = Q(T ∗)11. (18)

HenceT ∗12 = QT ∗11. Now (T ∗)22 = T ∗22 = (WT12)
∗ = T ∗12W

∗ = QT ∗11W
∗ = Q(T21)

∗ =
Q(T ∗)12. Combined with (18) this proves our claim.

So we need only to consider the case whenGT andGT ∗ are non-constant. By Theorem
3.2, in this casedim ker T ∗11 < ∞ whencedim(CokerT11) < ∞. Again by Theorem 3.2
the operatorT11 is bounded below. SimilarlyT ∗11 is bounded below. This means thatT11 is
invertible.

We consider now the problem of continuity of LFR. Recall that a multivalued mapF be-
tween topological spacesX, Y is called (sequentially) upper semicontinuousif the conditions
xn → x, yn → y, yn ∈ F (xn) imply y ∈ F (x). FurthermoreF is lower semicontinuous if the
conditionsxn → x, y ∈ F (x) imply that there areyn ∈ F (xn) with yn → y.

The following general result will be useful.

Lemma 4.14 Let S ∈ L(H) be an isomorphic embedding andSn ∈ L(H) tend toS in
norm. Then||Pn − P || → 0, wherePn, P are the orthogonal projections on the ranges ofSn

andS.

P r o o f. Without loss of generality we assume that all ofSn are bounded from below, or
what is equivalentSn = Un|Sn|, whereUn are isometries and|Sn| are boundedly invertible
on whole space. ThenSn − S → 0 implies |Sn| − |S| → 0. HenceUn − U → 0 and
UnU

∗
n − UU∗ → 0. It remains to note thatPn = UnU

∗
n andP = UU∗.

Corollary 4.15 LetGT be anLFR defined on an open setU . Then

: (i) GT is upper semicontinuous onU with respect to the norm topology;

: (ii) If T12 is compact, thenGT is upper semicontinuous with respect to the weak operator
topology;

: (iii) If GT is locally bounded, thenGT is lower semicontinuous with respect to the norm
topology.

P r o o f. LetKn → K ∈ U,Wn ∈ GT (Kn), Wn → W (convergence in the norm topology).
Then passing to the limit in the equality

T21 + T22Kn = Wn(T11 + T12Kn)

we obtain the equality
T21 + T22K = W (T11 + T12K),

which means thatW ∈ GT (K). If the convergence is in weak operator topology andT12 is
compact, thenT12(Kn −K) → 0 in strong operator topology, whence

Wn(T11 + T12Kn)−W (T11 + T12K) = (Wn −W )(T11 + T12K) + WnT12(Kn −K) → 0,
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becausesupn ||Wn|| < ∞. SinceT22Kn → T22K in weak operator topology, we again obtain
thatW ∈ GT (K). We have proved (i) and (ii).

If Wn ∈ GT (Kn), W ∈ GT (K) then

(Wn −W )(T11 + T12K) = T22(Kn −K)−WnT12(Kn −K).

Let P andPn denote the orthogonal projections onto the range of the operatorsT11 + T12K
andT11 + T12Kn, respectively. We claim that if the sequenceWn is bounded, then||(Wn −
W )P || → 0. Indeed sinceT11 + T12K is an isomorphic embedding (by our assumption about
the local boundedness), for anyx ∈ PH there isy ∈ H such thatx = (T11 + T12K)y and
||y|| ≤ C||x||, whereC > 0 does not depend onx. Hence||(Wn − W )x|| ≤ ||T22(Kn −
K)y||+ ||WnT12(Kn −K)|| ≤ C1||Kn −K||||x||, which proves our claim.

Let Vn ∈ GT (Kn) be arbitrary bounded sequence (existing by our assumption) and set
Wn = VnPn + W (I − Pn). ThenWn ∈ GT (Kn), the operatorWn is bounded andWn

coincides withW on (I − Pn)H. Now we have:

Wn −W = (Wn −W )P + (Wn −W )(I − Pn) + (Wn −W )(Pn − P ).

The first and the second summands tend to0, so it will be sufficient to prove that||Pn−P || →
0. But this follows immediately from Lemma 4.14.

Remark 4.16 The continuity in the weak operator topology of an LFT with compactT12

plays important role in the Krein’s proof of the existence of a positive invariant subspace for a
plus-operator [29], [31].

We will finish this section and the paper by the consideration of the set-theoretical, algebraic
and topological properties of the correspondenceT 7→ GT restricted to the set of thoseT for
which dom(GT ) has interior points. The following result shows that this map is essentially
injective.

Theorem 4.17 Suppose thatGT andGR coincide and are non-constant on some set with
non-empty interior inL(H1,H2). ThenT = tR for somet ∈ C.

P r o o f. In [23] this result was proved in the case thatT11 is surjective. To prove the theorem
we reduce the general case to this one. It is easy to see that we may do a standard shift and
assume thatGT = GR on a some ballBL(r). So for eachK in BL(r) the set ofK ′ satisfying
the equation

T21 + T22K = K ′(T11 + T12K) (19)

is the same as the set ofK ′ satisfying the equation

R21 + R22K = K ′(R11 + R12K). (20)

Note that for anyK in dom(GT ) the (closed by Corollary 4.6) images of the operators
T11 + T12K andR11 + R12K coincide. Indeed, assume the contrary. More precisely, we
assume that(R11 + R12K)H1 is not contained in(T11 + T12K)H1. LetP be a projection onto
(T11 + T12K)H1. A straightforward computation shows thatK ′ + (I − P ) ∈ GT (K), but
K ′ + (I − P ) /∈ GR(K), a contradiction.
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Lemma 4.18 Let Z be a Banach space. Suppose that operatorsC1, C2 ∈ L(H1, Z) and
D1, D2 ∈ L(H2, Z) satisfy the condition

ker(C1 + KC2) = ker(D1 + KD2)

for eachK ∈ BL(r). Then either the pairs are proportional(Di = λCi) or ker C1 ⊂ ker C2

andker D1 ⊂ ker D2.

P r o o f. We will use two simple statements (their proofs are omitted):

1. If A, B : X → Y are linear operators satisfyingAx ∈ CBx, for anyx ∈ X, thenA ∈ CB.

2. If u1, u2 ∈ H1 andv1, v2 ∈ H2 satisfy||v1|| < r||u1||, and if, for any operatorK ∈ BL(r),
the conditionKu1 = v1 impliesKu2 = v2, thenu2 = λu1 andv2 = λv1, for someλ ∈ C.

Note firstly that ifC1 = 0, then the pairs are proportional. Indeed, in this caseD1 = 0 and
ker KC2 = ker KD2, for everyK ∈ BL(r). HenceC2x ∈ CD2x, for everyx ∈ H1, and the
claim follows from the statement1.

In remains to consider the caseC1 6= 0. We have to prove that if the subspaceL = ker C1 =
ker D1 is not contained inker C2 ∩ ker D2, then the pairs are proportional. By symmetry we
may suppose that there isy ∈ L\ ker C2.

Let x /∈ L. For sufficiently larget we have||C1x|| < r||C2x + tC2y||. If K ∈ BL(r)
satisfies the condition

K(C2x + tC2y) = −C1x,

thenx + ty ∈ ker(C1 + KC2) = ker(D1 + KD2), whence

K(D2x + tD2y) = −D1x.

By the statement2 there isλ ∈ C such thatD1x = λC1x andD2x+TD2y = λ(C2x+D2y).

SinceC1x 6= 0, the numberλ is uniquely determined by the first condition and therefore
does not depend ont. It follows thatD2x = λC2x.

We proved that, for everyx /∈ L, there isλ = λ(x) such thatD1x = λC1x andD2x = λC2x.
Moreover the first equality holds also forx ∈ L. By the statement1 we haveD1 = µC1, for
someµ ∈ C. Henceλ(x) = µ andD2x = µC2x, for all x /∈ L.

Clearly this extends to allx ∈ L. ThusD2 = µC2, and the pairs are proportional.

Let us denote the image of the operatorsT11 andR11 by L. If we setCi = R∗
1i andDi = T ∗1i

then it follows from Lemma 4.18 and the duality that eitherR11 = tT11 andR12 = tT12 or the
images ofT12 andR12 are contained inL. In the first case multiplying (19) byt and subtracting
it from (20) we will have

t(T21 + T22K) = R21 + R22K,

whenceR2i = tT2i. So it suffices to consider the second possibility.

ConsideringT1i andR1i as operators fromHi to L we obtain the operator matricesT ′, R′ :
(H1⊕H2) → (L⊕H′

2) which again define LFR’s with equal values onBL(r) (their values are
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restrictions ofGT (K) to L). SinceT ′11 andR′
11 are surjective one can apply the result of [23]

and conclude thatR′ andT ′ are proportional. But this means thatR andT are proportional.

Remark 4.19 Suppose thatGT is constant andW is an operator in⋂
K∈L(H1,H2)

GT (K).

ThenGR coincides withGT on a neighborhood of0 if and only if eitherT andR are propor-
tional orR22 = WR12, R21 = WR11 andT12H2 ⊂ cl(T11H1) = cl(R11H1) ⊃ R12H2.

Under some restrictions The mapT 7→ GT is multiplicative in the following sense:
Proposition 4.20 (a)Let anLFR GT is defined atK, and let anLFR GR be defined at some

operators from the setGT (K). ThenGRT is defined atK and

GRT (K) ⊃ GR(GT (K)).

(b) If GT (K) is non-empty and the image ofT11 + T12K is dense, then the inverse inclusion

GRT (K) ⊂ GR(GT (K)) (21)

holds.

P r o o f. (a) It is enough to show thatK ′ ∈ GT (K) and K ′′ ∈ GR(K ′) imply K ′′ ∈
GRT (K).

We have
T21 + T22K = K ′(T11 + T12K)

and
R21 + R22K

′ = K ′′(R11 + R12K
′).

Hence
R21T11 + R22T21 + (R21T12 + R22T22)K =
(R21 + R22K

′)(T11 + T12K) =
K ′′(R11 + R12K

′)(T11 + T12K) =
K ′′((R11T11 + R12T21) + (R11T12 + R12T22)K).

(b) Let K ′ ∈ GT (K) andK ′′ ∈ GRT (K). Rewriting the chain of identities from the proof of
part(a) in a different order, we get

(R21 + R22K
′)(T11 + T12K) = R21T11 + R22T21 + (R21T12 + R22T22)K =

K ′′((R11T11 + R12T21) + (R11T12 + R12T22)K) = K ′′(R11 + R12K
′)(T11 + T12K).

(22)

Since the image ofT11 + T12K is dense, the equality (22) impliesK ′′ ∈ GR(K ′).

Remark 4.21 The inclusion (21) is not always true. For example, it is not the case in
examples for whichGT (K) is empty butGRT (K) is non-empty. One of such examples is

T = R =

(
0 0
I 0

)
, K is arbitrary. (23)
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Remark 4.22 The condition of density of the image ofT11 + T12K in Proposition 4.20
(b) is important, as the following example shows. LetS be a shift operator inl2 given by
Sen = en+1, where{en}∞n=1 is the unit vector basis inl2. Let

T = R =

(
S 0
I 0

)
.

Let K be arbitrary. LetK ′ be given byK ′(en) = en−1 for n = 2, 3, . . . , K ′(e1) = 0.

Let K ′′ be given byK ′′(en) = en−2 for n = 3, 4, . . . , K ′′(e1) = K ′′(e2) = 0.

It is easy to verify thatK ′ ∈ GT (K) andK ′′ ∈ GRT (K).

On the other hand, it is easy to see thatK ′′ ∈ GR(K̃) for someK̃, would implyK ′′(e2) =

e1. HenceK ′′ /∈ GR(K̃) for anyK̃ ∈ GT (K) and the inclusion (21) does not hold.

Now about the continuity of the mapT 7→ GT . We say that a sequenceEn of subsets in a
topological spaceX converges to a subsetE and writelimn→∞En = E if

lim inf En = E = lim sup En,

where

lim sup En = {x ∈ X : ∃{nj}, such thatnj ∈ N, lim
j→∞

nj = ∞, xj ∈ Enj
, andxj → x},

lim inf En = {x ∈ X : ∃xn ∈ En, xn → x}.
Clearly to provelimn→∞En = E it suffices to show thatlim sup En ⊂ E and E ⊂

lim inf En.

Corollary 4.23 Let an LFRGT be defined and locally bounded on an open setU ⊂
L(H1,H2). If ||Tn − T || → 0, thenU ⊂ ∪∞N=1 ∩n=N dom(GTn) and

GT (K) = lim
n→∞

GTn(K),

for everyK ∈ U .

P r o o f. Without loss of generality one can assume thatK = 0. Thus we should prove that
0 ∈ dom(GTn), for sufficiently largen, that

lim sup GTn(0) ⊂ GT (0) (24)

and

GT (0) ⊂ lim inf GTn(0) (25)

SinceGT is locally bounded the operatorT11 is left invertible, by Corollary 4.6. Since
||(Tn)11 − T11|| → 0, we have that(Tn)11 are left invertible, forn ≥ n0. It follows that
0 ∈ ∩∞n=n0

domGTn.

Denote the set of all left inverses of an operatorS by L(S). We haveL(Sn) → L(S) if
Sn → S in norm. Indeed, ifRn ∈ L(Sn), Rn → R, thenI = RnSn → RS andR ∈
L(S). Conversely, ifR ∈ L(S), thenRSn → I, the operatorsRSn are invertible (forn
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sufficiently large), and(RSn)−1 → I, whence(RSn)−1R ∈ L(Sn) and (RSn)−1R → R.
HenceL((Tn)11) → L(T11) and (25) follows from the equalitiesGT (0) = T21L(T11) and
GTn(0) = (Tn)21L((Tn)11).

The inclusion (24) is straightforward: ifWn ∈ GTn andWn → W , then

WT11 = lim Wn(Tn)11 = lim(Tn)21 = T21

andW ∈ GT (0).
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[30] M. G. Krein and Yu. L.Šmuljan, On linear-fractional transformations with operator coefficients (in Russian),Matem-
aticheskie Issledovaniya(Kishinev), 2 (1967), no. 3, 64–96; English transl. inAmer. Math. Soc. Transl., Ser. 2, 103
(1974), 125–152.

[31] H. Langer, Invariant subspaces for a class of operators in spaces with indefinite metric,J. Functional Analysis, 19 (1975),
232–241.

[32] J. Lindenstrauss and L. Tzafriri,Classical Banach spaces I, (Springer, Berlin, 1977).
[33] M. A. Naimark, Unitary permutation operators in the spaceΠκ (in Russian),Dokl. Akad. Nauk SSSR, 149 (1963),

1261–1263.
[34] R. S. Phillips, Dissipative operators and hyperbolic systems of partial differential equations,Trans. Amer. Math. Soc.,

90 (1959), 193–254.
[35] R. S. Phillips, Dissipative operators and parabolic partial differential equations,Comm. Pure Appl. Math., 12 (1959),

249–276.
[36] A. N. Plichko, Selection of subspaces with special properties in a Banach space and some properties of quasicomple-

ments (in Russian),Funktsional. Anal. i Prilozhen., 15 (1981), no. 1, 82–83; English translation:Funct. Anal. Appl., 15
(1981), 67–68.

[37] V. P. Potapov, The multiplicative structure ofJ-contractive matrix functions (in Russian),Trudy Moskovskogo Matem-
atichskogo Obshchestva, 4, (1955), 125–236.

[38] V. Senderov and V. Khatskevich, NormedJ -spases and certain classes of linear operators in these spaces (in Russian),
Matematicheskie Issledovaniya(Kishinev), 8 (1973), no. 3, 56–75.

[39] E. Vesentini, Semigroups of linear contractions for an indefinite metric,Mem. Mat. Accad. Lincei, 2 (1994), 53–83.

Copyright line will be provided by the publisher


