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Abstract. In this paper we (1) Describe two approaches to estimates of the spanning
tree congestion from below; (2) Use the isoperimetric approach to find the exact value of
the spanning tree congestion of complete multipartite graphs; (3) Present a proof of the
isoperimetric result of Piliposyan-Muradyan for complete multipartite graphs.

1 Introduction and basic definitions

Let G = (V (G), E(G)) be a finite simple graph and A be a set of vertices in G, the edge
boundary of A is defined as the set of all edges joining A with its complement in V (G)
and is denoted ∂GA, or just ∂A (if G is clear from context). Let T be a spanning tree in
G. For each edge e of T let Ae and Be be the vertex sets of the components of T − e.
Then ∂GAe = ∂GBe. We define the edge congestion of G in T by

ec(G : T ) = max
e∈E(T )

|∂GAe| ,

where by the absolute value of a set we mean its cardinality.
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In the graph shown in Fig. 1 a spanning tree is shown using fat edges, one of which,
labelled e, is dashed. The corresponding components Ae and Be are shown. In this case
|∂GAe| = 5. In addition to e there are 4 thin dashed edges joining Ae and Be.

e

BeAe

Figure 1: The dashed edges are in ∂GAe

The name edge congestion comes from the following analogy. Imagine that edges of G
are roads, and edges of T are those roads which are cleaned from snow after snowstorms.
If we assume that for each edge in G there is a flow of traffic between its ends; these flows
are the same for each edge, and that after a snowstorm each driver takes the corresponding
(unique) detour in T , then ec(G : T ) describes the traffic congestion at the most congested
road of T . We are interested in spanning trees which minimize the congestion.

We define the spanning tree congestion of G by

s(G) = min{ec(G : T ) : T is a spanning tree of G}. (1)

Each spanning tree T in G satisfying ec(G : T ) = s(G) is called a minimum congestion
spanning tree.

The parameters ec(G : T ) and s(G) were introduced and studied in [18]. This study
was continued in [4, 5, 6, 8, 9, 10, 13, 14, 17, 20, 22], where many interesting results were
obtained. Many related parameters have been introduced in the literature; see [2, 12] and
references therein. The paper [12] introduced parameters which are more general than
the spanning tree congestion.

We are going to describe two approaches to estimates of the spanning tree congestion
from below. One of them is based on Jordan’s notion of a centroid and on isoperimetric
estimates. This method was suggested in [18] and developed in [6], [13], and [14]. The
second approach to estimates of the spanning tree congestion from below is based on the
notion of a dual tree and (at present) is applicable to planar graphs only. The method
was suggested in [9] and developed in [20].

It is worth mentioning that in many cases the estimates obtained on these lines do not
give the exact values of the spanning tree congestion. So for many collections of graphs
there is still some work to be done.

The authors would like to thank Sergei Bezrukov for useful information and references.
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2 Isoperimetric approach

Now we describe results on trees needed for estimates from below. They go back to
C. Jordan [11]. Let u be a vertex of a tree T . If we delete all edges incident to u from T
we get a graph with several connected components. The maximal number of vertices in
components of the obtained graph is called the weight of T at u. A vertex v of T is called
a centroid vertex if the weight of T at v is minimal possible. The weight of a centroid
vertex is called the weight of T and is denoted by w(T ).

Theorem 2.1 ([11]). A tree T has one or two centroid vertices. Two centroid vertices are
present only in the case when T has an edge whose removal splits T into two components
with the same number of vertices. In such a case |V (T )| = 2w(T ), where |V (T )| is the
number of elements in V (T ). Otherwise w(T ) < |V (T )|/2.

Denote by ∆G the maximum degree of the graph G. Let T be an optimal spanning
tree in G, that is, ec(G : T ) = s(G). Let u be a centroid of T . Since T is a subgraph of G,
there are at most ∆G edges incident with u in T . Hence at least one of the components,

we denote its vertex set by A, in the graph T − u has at least OG =
⌈
|V (G)|−1

∆G

⌉
vertices,

and at most |V (G)|
2

vertices. (The notation �x� is used for the rounded up real number
x.) The edge connecting u with A is used in |∂GA| detours. Therefore any inequality
estimating from below the cardinality of the edge boundary of a set A containing at least
OG and at most |V (G)|/2 vertices provides an estimate of s(G) from below.

Estimates of the type mentioned at the end of the previous paragraph have been sys-
tematically studied, they are called isoperimetric. The general edge-isoperimetric problem
is to determine, for a graph G, the minimum edge boundary over subsets of vertices of a
fixed order. We introduce the following notation. Let 0 ≤ c ≤ |V |,

mG(c) := min{|∂GS| : S ⊂ V (G), |S| = c}. (2)

Many estimates of mG(c) are known, see surveys [1] and [15]. We consider also the
following function:

fG(c) = min{|∂GS| : S ⊂ V (G), |S| = c, G[S] is connected}, (3)

where G[S] denotes the subgraph of G induced by S. In general, fG(c) ≥ mG(c) and
equality holds if and only if there is a connected induced subgraph of order c with edge-
boundary mG(c). In many cases the two functions are identical, but we shall see that it
is not the case for some multipartite graphs, see Section 4.

If we denote the number of elements of the set A introduced above by c, we get

s(G) = ec(G : T ) ≥ eG(A, V (G)\A) ≥ fG(c).

Hence
s(G) ≥ min

OG≤c≤|V (G)|/2
fG(c). (4)

This inequality was observed in [18], where it was used to estimate the spanning tree
congestion from below using the Cheeger constants and isoperimetric dimension constants.
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In [6] and [13] inequality (4) was combined with the edge-isoperimetric results for cubic
grids from [3]. In [13] and [14] inequality (4) was combined with the edge-isoperimetric
results for Hamming cubes from [7]. The papers [6] and [14] also contain estimates from
above. In the case of the Hamming cube [14] the estimate from above is very close to the
isoperimetric estimate from below. We are still far from getting the exact values of the
spanning tree congestion for grids of dimension ≥ 3, see [6] for discussion of this problem.

3 Using duality for estimates of the spanning tree congestion

Let G be a connected plane graph, that is, a planar graph with a fixed drawing in the plane.
The dual graph G∗ of G is defined as the graph whose vertices are faces of G, including
the exterior (unbounded) face, and whose edges are in a bijective correspondence with
edges of G. The edge e∗ ∈ E(G∗) corresponding to e ∈ E(G) joins the faces which are on
different sides of the edge e. The graph G∗ does not have to be a simple graph even when
G is simple.

Let T be a spanning tree of G. The dual tree T � is defined as a spanning subgraph
of G∗ whose edge set E(T �) is determined by the condition: e∗ ∈ E(T �) if and only if
e /∈ E(T ). It is easy to verify that T � is a spanning tree in G∗. (It is done in the solution
of Problem 5.23 in [16].)

In Fig. 2 we sketch a 3 × 3 grid and its dual graph (vertices of the dual graph are
small squares, edges are dashed). A spanning tree in the grid is shown using thick edges,
its dual tree is shown using thick dashed edges.

Figure 2: A spanning tree T (thick) and its dual T � (thick dashed) of the 3 × 3 grid

We are going to describe an approach to estimates of the spanning tree congestion of
planar graphs based on the following definition.

Definition 3.1 ([20]). A center-tail system S in the dual graph G∗ of a plane graph G
consists of

(1) A set C of vertices of G∗ spanning a connected subgraph of G∗, the set C is called a
center.
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(2) A set of paths in G∗ joining some vertices of the center with the exterior face O. Each
such path is called a tail. The tip of a tail is the last vertex of the corresponding
path before it reaches the exterior face.

(3) An assignment of opposite tails for those edges of G which are incident to the exterior
face, we call them outer edges. This means: For each outer edge e of the graph G
one of the tails is assigned to be the opposite tail of e, it is denoted N(e) and its tip
is denoted by t(e).

An example of a (useful) center-tail system for a triangular grid graph is shown in Fig.
3. In the example intersections of “thin” line segments are regarded as vertices of the
graph, and there are no other vertices. Edges of the graph are the corresponding pieces
of the “thin” line segments. The center consists of six faces marked using letter C. There
are three tails, shown using “fat” lines; we do not show edges joining tips of tails and the
exterior face.

C

CC C

C C

Figure 3: A center-tail system in a triangular grid

The tail going in the upward-right direction is assigned to be the opposite tail for all
outer edges contained in the bottom side of the triangle. Assignment of the opposite
tails to edges from other sides of the triangle is made in order to make the assignment
rotationally invariant for angles of 120◦ and 240◦.

Let e ∈ E(G). Recall that e is an outer edge if it is an edge which occurs in the
boundary of the exterior face and one of the interior faces. For each outer edge e and each
bounded face F of G define the index i(F, e) as the length of a shortest path in G∗ which
joins the exterior face O with F and satisfies the additional condition: its first edge is e∗.
To avoid situations where there is no such path we assume that G∗ − O is connected. In
Fig. 4 we show indices i(F, e) for triangular grid.

Definition 3.2. The congestion indicator CI(S) of a center-tail system S is defined as
the minimum of the following three numbers:

(1) minF,H,f,h(i(F, f) + i(H,h) + 1), where the minimum is taken over all pairs F,H of
adjacent vertices in the center C and over all pairs f, h of outer edges with f �= h.
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3 1 3 5

e

4 4

5 5

2 2 4

3 3 5

6

7

Figure 4: Indices i(F, e)

In the cases where the center contains just one face we assume that this minimum is
∞.

(2) mine i(t(e), e) + 1, where the minimum is taken over all outer edges of G.

(3) mine minF∈N(e) minẽ �=e(i(F, e)+ i(F̃ , ẽ)+1), where the first minimum is taken over all
outer edges of G; the second minimum is over vertices F from the path N(e) different

from t(e) and the exterior face, F̃ is the vertex in N(e) which follows immediately
after F if one moves along N(e) from F to t(e); and the third minimum is over all
outer edges different from e,

Theorem 3.3 ([20]). Let S be any center-tail system in a connected planar graph G.
Then s(G) ≥ CI(S).

This theorem, with a suitable choice of center-tail systems allows to find the exact
value of the spanning tree congestion for regular triangular, square, and hexagonal grids.
For triangular grids the details are given in [20].

We would like to describe the main idea of the proof of this theorem and other results
of this type (e.g. Proposition 3.5 below). Let T be an arbitrary tree in a planar graph
G. Our purpose is to estimate ec(G : T ). Consider the dual tree T � and indicate for each
face F its distance d(F ) to the external face in T �. We get something like the picture in
Fig. 5, where T is shown using “fat” edges and T � is shown using dashed edges.

Key observation: If faces F1 and F2 share a common edge e and the shortest paths
from F1 and F2 to the external face cross different outer edges, then the edge shared by
F1 and F2 is used in d(F1) + d(F2) + 1 detours.

The spanning tree congestion of planar graphs can be estimated from above using the
following definition:

Definition 3.4. The absolute index i(F ) of a face F is defined as mine i(F, e), where the
minimum is over all outer edges.
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Figure 5: A spanning tree of a plane graph; the numbers indicate d(F ) i.e. distances from the face to the
external face in the dual tree.

1 1 1 1

2 2

1 1

2 2 2

1 3 1

2

1

Figure 6: Absolute indices of faces of a triangular grid

Proposition 3.5 ([20]). For each connected planar graph G with at least two bounded
adjacent faces we have

s(G) ≤ max(i(F ) + i(F̂ )) + 1, (5)

where the maximum is over all pairs F, F̂ of faces which have a common edge in their
boundaries.

Absolute indices of faces of planar graphs as well as the quantity in (5) are easily
computable. However, the estimate (5) in general is not sharp as the following example
shows.

Consider n concentric circles and k radial line segments, n 	 k. Each intersection of a
circle and a line segment is regarded as a vertex. For such graph the absolute indices i(F )
of faces F contained in the smallest circle are equal to n. On the other hand, it is easy to
check that the spanning tree T in H consisting of all edges from one of the line segments
and all edges from circles with one edge per circle removed satisfies ec(G : T ) ≤ 2k.

Fig. 7 corresponds to n = 3, k = 4, and “circles” are sketched as squares. We do
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not have n 	 k, but the picture shows how we construct the spanning tree (drawn using
“fat” edges), also it shows values of absolute indices of different faces.

1 2 3 3 2 1

1

2

3

3

2

1

Figure 7: The estimate in Proposition 3.5 is not sharp.

The main open problem related to the indices considered above is: whether one can
use them to design a polynomial algorithm for computing the spanning tree congestion
of planar graphs? A similar problem is open for approximation algorithms with good
approximation guarantees.

In general, there is a natural bijection between cuts in G and cycles in G∗. Let T be
a spanning tree of a plane graph G and e ∈ E(T ). The cardinality of ∂GAe, is equal
to the length of the cycle in T � + e∗. The length of a longest such cycle over all edges
e∗ ∈ E(G∗)\E(T �) will be called the cycle rank of T �. The observation above says that
s(G) is equal to the minimum cycle rank of all spanning trees T � in the dual graph.
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e∗
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1

cn c3 c1c2

e

c4

G G∗

Figure 8: Thick edges indicate the tree T � of cycle rank n + 2 in G∗ and its dual tree T in G.

As an example we use the cycle rank to evaluate the spanning tree congestion of the
graph G in Fig. 8. Let V (G) = {a, b, c0, c1, · · · , cn} and E(G) be such that aci, bci are in

8



E(G) for i = 1, · · · , n, and such that a, b, c0 is a triangle in G, and c0c1 · · · cn is a path in
G. Then G is a 3-connected planar graph with n+3 vertices, 2n+2 faces and 3n+3 edges.
We denote the bounded face whose boundary contains ab by f1, and the unbounded face
by f0.

Let T � be a spanning tree in the dual of G. As the second shortest path between f∗
0

and f∗
1 has length n+1, the cycle rank of T � is at least n+2. We can construct a spanning

tree of G∗ of cycle rank n + 2 by taking a path from f∗
0 to f∗

1 of length n + 1 and edges
so that all the other vertices are leaves, see Fig. 8. Thus s(G) = n + 2. In this case, as
G∗ is 3-regular and ec(G∗, T �) = 3, so that s(G∗) = 3.

4 Complete multipartite graphs

The spanning tree congestion of complete multipartite graphs has been computed in [8]
and [13]. We assume that the sizes n1, . . . , nk (k ≥ 2) of the classes satisfy n1 ≥ n2 ≥
· · · ≥ nk and let N =

∑k
i=1 ni.

Theorem 4.1 ([8, 13]).

s(K(n1, · · · , nk)) =

{
2N − n1 − n2 − 2 if nk > 1
N − nk−1 if nk = 1.

We are going to show that Theorem 4.1 can be easily derived from the isoperimetric
result of Piliposyan and Muradyan [21]. We also present a slightly simplified version of
the proof of the corresponding result of [21]. To the best of our knowledge a proof of this
result was never published in an easily accessible source. We need some terminology.

Definition 4.2. An ordering of the vertex set of a complete multipartite graph K is
called PM-admissible if it can be obtained according to the following inductive description
(suggested in [21]).

1. If each class of the partition contains exactly one element, then each ordering is
PM-admissible.

2. If there are classes containing two or more elements and V1, . . . , Vq are the largest
classes (all other classes are strictly smaller) then an ordering of V (K) is PM-
admissible if it can be described in the following way: There are elements si, ti ∈ Vi,
si �= ti, (i = 1, . . . , q) such that the ordering starts with s1, . . . , sq (ordered arbitrar-
ily), ends with t1, . . . , tq (ordered arbitrarily), and between these two sets contains a
PM-admissible ordering of the multipartite graph obtained from K if we delete the
vertices s1, . . . , sq, t1, . . . , tq from it.

Definition 4.3. We say that a subset S ⊂ V (K) is a PM-set if it is an initial set of some
PM-admissible ordering.

If K is such that some classes of the partition contain two or more elements, each of
the sets {s1, . . . , sq} of the form described above is called a block, and each of the sets
{s1, . . . , sq, t1, . . . , tq} is called a double-block.
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In other words, a block is a set containing exactly one representative of each of the
classes of the largest cardinality in a multipartite graph having classes of cardinality at
least two. The following is straightforward:

Lemma 4.4. An ordering which is the reverse to a PM-admissible ordering is PM-
admissible. Therefore the complement of a PM-set is a PM-set.

We also need the following result:

Lemma 4.5. Let B, B̂ be two disjoint blocks in a multipartite graph K, and W be a

subset of V (K) satisfying B ⊂ W ⊂ V (K)\B̂. Let K̃ be the graph obtained by deleting

all vertices of B and B̂ from K. Then

|∂KW | = |∂KB| + |∂
eK(W\B)|. (6)

Proof. In fact, to get |∂KW | from |∂
eK(W\B)| we need to add the number of edges joining

(W\B) with B̂ and the number of edges joining B with V (K)\W . By a kind of symmetry

between B and B̂ the number of edges joining (W\B) with B̂ is the same as the number
of edges joining (W\B) with B, so the the total number to be added is |∂KB|.
Corollary 4.6. The cardinality of the edge boundary of a PM-set depends only on its
cardinality (for a fixed K).

Proof. Let P1, P2 be two PM-sets in K satisfying |P1| = |P2|. If P1 is part of a block, then
P2 is also part of a (possibly another) block. In such a case the result follows from the
observation that each bijection of a block can be extended to an isomorphism of K.

Similar argument works when both P1 and P2 are complements of parts of blocks. It
remains to consider the case when neither P1, P2, nor their complements, are parts of
blocks.

In such a case each of the sets Pi, i = 1, 2, can be represented as a union of a block

and a PM-set Ri in a smaller multipartite graph Ki of the form K̃ (see Lemma 4.5).
The multipartite graphs graphs K1 and K2 can be different, but they are isomorphic.
Using induction we may assume that the boundaries of ∂K1R1 and ∂K2R2 have the same
cardinality. Applying Lemma 4.5 we get the statement of the corollary.

We denote the cardinality of the edge boundary of a PM-set of cardinality α in K by
PMK(α).

Theorem 4.7 ([21]). The edge boundary of a subset of V (K) does not exceed the edge
boundary of a PM-set of the same cardinality.

Proof. Assume the contrary. Let K be a multipartite graph with the least number of
vertices for which there is A ⊂ V (K) with |∂A| < PMK(|A|). We may assume, without
loss of generality that |∂A| ≤ |∂C| for each C ⊂ V (K) satisfying |C| = |A|.

It is clear that the graph K is not complete, so there are classes of the partition
containing at least two elements. It cannot happen that A is a part of a block (see
Definition 4.3) because parts of blocks are PM-sets.

10



One of the main steps in the proof is to show that it cannot happen that A does not
contain a block. In fact, let k ∈ {1, . . . , q} be such that A does not contain any elements
from Vk (we use the notation introduced in Definition 4.2).

Since A is not a part of a block, A either contains an element v from some class Vr

satisfying |Vr| < |Vk| or contains at least two elements v1, v2 in one of V1, . . . , Vq, say, in
Vj. Let w be an element of Vk.

In the first case, replacing v by w in A we get a set C with the same cardinality but
with the smaller edge boundary. In fact, when we replace v by w the number of edges to
all classes except Vr and Vk does not change. As for the edges within Vr ∪ Vk: the edge
boundary loses at least those |Vk| − 1 edges which join v and Vk\{w} and gains at most
|Vr| − 1 edges joining w and Vr\{v}. Since |Vr| < |Vk|, the conclusion follows. That is,
|∂C| − |∂A| ≤ |Vr| − 1− (|Vk| − 1) = |Vr| − |Vk| < 0.

In the second case we replace v1 by w in A we get a set C with the same cardinality but
with the smaller edge boundary. In fact, when we replace v1 by w the number of edges
to all classes except Vj and Vk does not change. As for the edges within Vj ∪Vk: the edge
boundary loses at least those |Vk|−1 edges which join v1 and Vk\{w} and the edge joining
v2 and w; and gains at most |Vj| − 2 edges joining w and Vj\{v1, v2}. Since |Vj| = |Vk|,
the conclusion follows. That is, |∂C| − |∂A| ≤ |Vj| − 2− (|Vk| − 1)− 1 = −2 < 0.

In both cases we get a contradiction with the minimality assumption on the edge
boundary of A. So there is a block B = {s1, . . . , sq} in A.

Now we observe that the complement Â = V (K)\A satisfies the same conditions as

A and therefore also contains a block B̂ = {t1, . . . , tq}. It is clear that together these

two blocks form a double-block, we denote it by D. Consider the graph K̃ obtained by
deleting from K all vertices of D.

The definition of PM-sets implies that Ã := A\B is not a PM-set in K̃. To complete
the proof it suffices to show that

|∂K̃Ã| < PMK̃(|Ã|). (7)

In fact, (7) contradicts the assumption that K is a smallest multipartite graph containing
such sets.

Let P ⊂ V (K) be a PM-set of cardinality |A|. Since |A| ≥ q, it is easy to check that

both P and its complement contain some blocks, say M and M̂ . We apply Lemma 4.5

twice. First we apply it to A and the graph K̃B obtained by removal of B and B̂. Then

we apply it to P and the graph K̃M obtained by removal of M and M̂ .

Since the graphs K̃B and K̃M are isomorphic, the set P\M is a PM-set in K̃M , and
the edge boundaries of B and M in K have the same cardinality, we get (7).

Let G = K(n1, · · · , nk) for the rest of the paper.

Corollary 4.8. The function mG(a) defined by (2) is increasing for

a ∈ {1, . . . , b|V (G)|/2c}.
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Proof. By Theorem 4.7 it suffices to show that PM(a) ≤ PM(a + 1) when a < |G|/2.
Suppose the (a + 1)-th vertex in a PM-admissible ordering is in Vj. Denote the initial
set of cardinality k of this ordering by Ik. It is easy to check that |∂(Ia+1)| = |∂(Ia)| +∑k

i=1,i 6=j (|Vi| − 2|Vi ∩ Ia|). Observe that |Vi|−2|Vi∩Ia| is non-negative unless Ia contains

halves of all even classes, and the (a + 1)-th vertex of the ordering is the (nj + 1)/2-th
(we call it middle) vertex from an odd class Vj. But in such a case, Ia contains middle
vertices of less than half of odd classes, and it is easy to check that |∂(Ia)| ≤ |∂(Ia+1)| is
still satisfied.

Corollary 4.9. If N ≥ n1 + 2, then the function fG(a) defined by (3) is increasing for
a ∈ {1, . . . , b|V (G)|/2c}.

Proof. Note that if n1 ≤ n2 + 2, then mG coincides with fG (the second vertex of a
PM-admissible ordering can be picked from V2) so that we are done by Corollary 4.8.
Otherwise, the two functions differ on the range a ≤ dn1−n2

2
e. Indeed, Theorem 4.7 implies

that for a > dn1−n2

2
e, the minimum edge-boundary is attained by subsets intersecting at

least two classes; and in complete multipartite graphs such subsets induce connected
subgraphs. For a ≤ dn1−n2

2
e, we claim that fG(a) = (a− 1)(N − n1) +N − n2 − 2(a− 1).

For any A ⊂ V (G) such that |A ∩ Vi| = ai and |A| = a, we have

|∂A| =
k∑

i=1

(ai(N − ni)− ai(a− ai))

= aN − a2 −
∑

ai(ni − ai)

If we transfer one vertex of A from Vi to V1 to get A′, then

|∂A′| = |∂A| − (n1 − ni − 2(a1 − ai + 1)) .

As n1−ni

2
≥ a ≥ a1− ai + 1, we have |∂A′| ≤ |∂A|. Hence, putting more vertices in V1, we

get a smaller edge-boundary. To get a connected subgraph, we can put only a−1 vertices
in V1 and, as is easy to see, the edge-boundary is minimized if the remaining vertex is in
V2. Hence, fG(a) = a(N − n1 − 2) + n1 − n2 + 2 for a ≤ dn1−n2

2
e which is increasing in a

because N − n1 − 2 ≥ 0 (it is our assumption).

Remark 4.10. The case N = n1+1 is exceptional, in this case the function fG is decreasing.

Proof of Theorem 4.1. First we consider the case nk > 1. Pick a vertex v in V2 and
consider the following spanning tree T . The edge set E(T ) contains all edges joining v
with vertices in V (G)\V2. To get a spanning tree we add to E(T ) a matching between
V2 − v and some subset of V1. A straightforward inspection of all edges shows that
ec(G : T ) = N − n1 +N − n2 − 2.

On the other hand, the assumption nk > 1 implies that ∆G < N − 1 and that the
condition N ≥ n1 + 2 of Corollary 4.9 is satisfied. Therefore OG = d(N − 1)/∆Ge ≥ 2
and the minimum in (4) is at least fG(2). Since fG(2) = N − n1 +N − n2 − 2, the proof
in the case nk > 1 is completed.
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Suppose nk = 1. Then the edges incident with the only vertex in Vk form a spanning
tree with congestion N −nk−1. If there are some more classes Vi of cardinality 1, one can
construct similar trees for them. It is clear that all other spanning trees in K(n1, . . . , nk)
have weight at least 2.

If k = 2, then nk−1 = N−1 and the congestion N−nk−1 = 1 is clearly optimal. If k ≥ 3,
then the condition of Corollary 4.9 is satisfied and, as is easy to verify, fG(2) ≥ N − 1.
Thus, the congestion of G = K(n1, . . . , nk) in a spanning tree with weight at least 2 is
≥ N − 1 ≥ N − nk−1.
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