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1. Introduction

Our terminology and notation of Banach space theory follows [11] and [13]. We
denote the closed unit ball and the unit sphere of a normed linear space Y by BY and
SY , respectively. By Bn

p , 1 ≤ p ≤ ∞, n ∈ N, we denote the closed unit ball of `n
p . The

relative projection constant of a finite dimensional subspace X in a Banach space Y is
defined by

(1) λ(X, Y ) = inf{||P || : P : Y → Y is a projection onto X}.

The Banach space of all bounded real-valued sequences with the supremum norm is
denoted `∞. We denote the unit ball of `∞ by B∞. Each finite dimensional Banach
space X is isometric to a subspace of `∞. The relative projection constant λ(X, `∞)
depends on X only, and not on the way in which X is embedded into `∞. Because of
this λ(X, `∞) is also denoted by λ(X) and is called the absolute projection constant of
X. (Proofs of the statements mentioned above are collected in Proposition 1 below.
See [13, pp. 928–929] for more information on projection constants.)

Definition 1 ([19]). Let X be a finite dimensional subspace of a Banach space Y .
Denote by SE(X, Y ) the collection of all bounded, closed, 0-symmetric, convex sets
A ⊂ X satisfying the condition: there exists a continuous linear projection P : Y → X
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such that P (Y ) = X and P (BY ) ⊂ A. Elements of SE(X, Y ) are called relative
sufficient enlargements of BX in Y .

Let X be a finite dimensional Banach space. A bounded, closed, 0-symmetric, con-
vex set A ⊂ X is called a sufficient enlargement of BX if for an arbitrary isometric
embedding of X into a Banach space Y , there exists a projection P : Y → X such that
P (BY ) ⊂ A. The set of all sufficient enlargements of X is denoted by SE(X).

A sufficient enlargement is called minimal if none of its proper closed subsets is a
sufficient enlargement.

Remarks. 1. It is clear that BX ⊂ A for each A ∈ SE(X, Y ), so that A is really an
‘enlargement’ of BX . The same is true for A ∈ SE(X).
2. The notion of a sufficient enlargement is implicitly used in [8], where the idea is
attributed to A. Dvoretzky.

For convenience of the reader we collect some observations about sufficient enlarge-
ments and projection constants in the following two propositions.

Proposition 1. Let X be a finite dimensional Banach space.
(a) X is isometric to a subspace of `∞.
(b) If X is isometrically embedded into `∞, the set SE(X, `∞) coincides with SE(X)

no matter how X is embedded into `∞. Hence SE(X, `∞) does not depend on
the way in which X is embedded into `∞.

(c) λ(X, Y )BX ∈ SE(X, Y ), and this set is a relative sufficient enlargement of
minimal diameter of BX in Y . The diameter is measured with respect to the
metric induced by the norm of the space X.

(d) 2λ(X) is the minimum diameter of sufficient enlargements of X. In particular
λ(X) does not depend on the way in which X is embedded into `∞ (see the
definition of λ(X) above).

Proof. (a) Let {xi}∞i=1 be a dense set in SX . Let x∗i ∈ SX∗ be functionals satisfying
x∗i (xi) = 1. Then the mapping x 7→ {x∗i (x)}∞i=1 is an isometric embedding of X into
`∞.

(b) Fix an embedding of X into `∞. The definitions imply that SE(X) ⊂ SE(X, `∞).
It remains to show that SE(X, `∞) ⊂ SE(X).

Let A ∈ SE(X, `∞) and let Y be a Banach space containing X as a subspace.
Denote by e∗i the restrictions of the coordinate functionals of `∞ to X. Let y∗i be
their norm-preserving extensions to Y . Consider the operator E : Y → `∞ given by
y 7→ {y∗i (y)}∞i=1. It is clear that ||E|| = 1 and that Ex = x for each x ∈ X. Let
P : `∞ → X be a projection satisfying P (B∞) ⊂ A. Then PE : Y → X is a projection
satisfying P (X) = X and P (BY ) ⊂ A. Hence A ∈ SE(X).

(c) Follows from the definitions and the well-known observation that for finite dimen-
sional X the infimum in (1) is attained, that is, there is a projection P : Y → X
satisfying ||P || = λ(X, Y ).
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(d) Follows from (b) and (c). �

Definition 2. Let T : X → Y be a linear operator of finite rank between Banach
spaces. The `∞-factorization constant γ∞(T ) is defined as the infimum of products
||T2|| · ||T1|| over all T1, and T2 satisfying T1 : X → `∞, T2 : `∞ → Y , and T = T2T1.

Proposition 2. Let A be a bounded, closed, 0-symmetric convex set in a finite dimen-
sional Banach space X, and XA be the space X with the norm corresponding to the
unit ball A. Let IA : X → XA be the identity map.

(a) The set A is a sufficient enlargement of BX if and only if γ∞(IA) ≤ 1.
(b) If A is a parallelepiped containing BX , then A ∈ SE(X).

Proof. (a) Let A ∈ SE(X). By Proposition 1(a) X can be considered as a subspace
of `∞. Since A is a sufficient enlargement, there exists a projection P : `∞ → X such
that P (B∞) ⊂ A. The norm of P , considered as an operator into XA, is 1. The
isometric embedding of X into `∞ and the projection P form a factorization of IA

showing γ∞(IA) ≤ 1.

Now we assume γ∞(IA) ≤ 1. Let Y be a Banach space containing X as a subspace.
Since X is finite dimensional it suffices to show that for each ε > 0 there exists a
projection P : Y → X such that P (X) = X and P (BY ) ⊂ (1 + ε)A.

Let IA = T2T1, where T1 : X → `∞ and T2 : `∞ → Y are such that IA = T2T1

and ||T2|| · ||T1|| ≤ 1 + ε. Multiplying the operators by scalars, we may assume that
||T1|| = 1 and ||T2|| ≤ (1 + ε). Let {e∗i }∞i=1 be the coordinate functionals on `∞. Let
y∗i be norm-preserving extensions of the functionals T ∗1 e∗i to Y . Then the operator
T̃1 : Y → `∞ given by T̃1(y) = {y∗i (y)}∞i=1 satisfies ||T̃1|| = 1 and T̃1 is an extension of
T1 to Y . Hence the operator P := T2T̃1 : Y → XA is projection onto XA with norm
≤ (1 + ε). This means P (BY ) ⊂ (1 + ε)A.

(b) Immediately follows from (a) since each parallelepiped is a unit ball of a space
isometric to `m

∞ of the corresponding dimension. �

The following is an immediate corollary of Proposition 2(a).

Corollary 1. Let X and V be two normed spaces which coincide as linear spaces, and
are such that BV ⊂ BX . If A ∈ SE(X), then A ∈ SE(V ).

2. Problems

In this paper we are going to motivate the following two open-ended problems about
sufficient enlargements and to describe the existing knowledge on them.

Problem 1. Let A ∈ SE(X, Y ) and ω ∈ [1,∞). How rich can be the set

D(A,ω) := {x∗ ∈ SX∗ : sup{|x∗(a)| : a ∈ A} ≤ ω}?

What is the possible structure of the set D(A,ω)?
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Problem 2. Find the minimum on SE(X, Y ) of functionals defined on the collection
of all bounded, closed, convex, 0-symmetric sets. Describe elements of SE(X, Y ) which
minimize the functionals.

3. Motivation. Finite dimensional decompositions, the π-property, and
compositions of projections in Banach spaces

The main motivation for the study of sufficient enlargements and for the study of
Problem 1 is: for some problems of the Banach space theory it is not enough to estimate
norms of projections, it is important to get some information about the structure of the
set D(A,ω) introduced in Problem 1. One of the most well-known problems requiring
such information is the problem of existence of Banach spaces with the π-property but
without a finite dimensional decomposition.

Recall the definitions.

Definition 3. A separable Banach space X has the π-property if there is a sequence
Tn : X → X of finite dimensional projections such that

(∀x ∈ X)( lim
n→∞

||x− Tnx|| = 0).

If in addition the projections satisfy

(∀n, m ∈ N)(TnTm = Tmin(m,n)),

then X has a finite dimensional decomposition.

Problem 3. Does every separable Banach space with the π-property have a finite
dimensional decomposition?

This problem goes back to W. B. Johnson [10]. P. G. Casazza and N. J. Kalton [3]
found important connections of this problem with some other well-known open problems
of Banach space theory, see the survey [2] for some details and related results.

In [27] the following equivalent reformulation of Problem 3 in terms of norms of
compositions of projections was found.

Theorem 1 ([27]). A separable Banach space X is a space with the π-property but
without a finite-dimensional decomposition if and only if there exists an increasing
sequence {Xi}∞i=1 of finite–dimensional subspaces of X satisfying the conditions:

(a) supi λ(Xi, X) < ∞,
(b) cl(∪∞i=1Xi) = X,
(c) For every subsequence {Xin}∞n=1 ⊂ {Xi}∞i=1 and every sequence {Pn}∞n=1 of pro-

jections, Pn : Xin+1 → Xin, the following is true:

(2) sup
k,l∈N, k<l

||PkPk+1 . . . Pl−1Pl|| = ∞.
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Theorem 1 suggests the following approach to Problem 3. Let X be a separable
Banach space and let {Xi}∞i=1 be an increasing sequence of finite dimensional subspaces
of X satisfying the conditions (a) and (b) of Theorem 1 (it is easy to see that such
sequence exists in each separable Banach space with the π-property). Denote the unit
ball of Xi by Bi.

Is it possible, maybe after passing to a subsequence, to find complementary subspaces
Li of Xi in Xi+1, and a number M < ∞ such that the following is true?

• A1 := MB1 ∈ SE(X1, X2);
• A2 := ((A1 + L1) ∩MB2) ∈ SE(X2, X3);
• A3 := ((A2 + L2) ∩MB3) ∈ SE(X3, X4);
• etc.

Proposition 3. The condition on M and {Ai}∞i=1 above is equivalent to the negation
of the condition (c) from Theorem 1.

Proof. If (c) is not true, we may assume, for simplicity, that the original sequence
{Xi}∞i=1 is such that there exist projections Pi : Xi+1 → Xi such that

(3) sup
k,l∈N, k<l

||PkPk+1 . . . Pl−1Pl|| = M < ∞.

We let Li = kerPi and introduce Ai in the way described above. Let us verify that
these sets are sufficient enlargements in the sense shown in the conditions.

• ||P1|| ≤ M , hence A1 := MB1 ∈ SE(X1, X2);
• The condition ||P2|| ≤ M implies P2(B3) ⊂ MB2; the inequality ||P1P2|| ≤ M

implies P2(B3) ⊂ A1 + L1. Hence P2(B3) ⊂ ((A1 + L1) ∩ MB2) and A2 ∈
SE(X2, X3);

• The condition ||P3|| ≤ M implies that P3(B4) ⊂ MB3;
||P2P3|| ≤ M implies P2P3(B4) ⊂ MB2;
||P1P2P3|| ≤ M implies P1P2P3(B4) ⊂ MB1;
The last two inclusions imply P2P3 ⊂ A2. Together with the inclusion

P3(B4) ⊂ MB3 this implies P3(B4) ⊂ A3.
• We continue in an obvious way.

The other implication. We define Pi : Xi+1 → Xi as projection for which kerPi = Li.
The conditions on Ai imply:

• A1 + L1 ⊃ B2,
• A1 + L1 + L2 ⊃ B3,
• A1 + L1 + L2 + L3 ⊃ B4

• etc.
Hence
• P1(B2) ⊂ A1,
• P1P2(B3) ⊂ A1,
• P1P2P3(B4) ⊂ A1

• etc.
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In addition, the conditions on Ai imply:
• A2 + L2 ⊃ B3,
• A2 + L2 + L3 ⊃ B4,
• A2 + L2 + L3 + L4 ⊃ B5

• etc.
These inclusions imply
• P2(B3) ⊂ A2,
• P2P3(B4) ⊂ A2,
• P2P3P4(B5) ⊂ A2

• etc.
We continue in an obvious way. For k < l we get

PkPk+1 . . . Pl−1Pl(Bl+1) ⊂ Ak.

Since Ak ⊂ MBk, these inclusions imply (3). �

This proposition relates Problems 1 and 3, because, in the cases when Xi is not not
well-complemented, the set Ai + Li is ‘more narrow’ in some directions than Ai. So
the problem becomes (in somewhat vague terms): whether there are cases when this
‘narrowness’ is accumulated to the extent that the obtained sets Ai cannot be relative
sufficient enlargements starting with some i. One of the difficulties with this problem
is that each direction can be a direction of “narrowness”, see Proposition 5 below.

Problem 2, in addition to being an interesting geometric problem can be considered
as a way of collecting information for Problem 1. At present, most of the known results
in the direction of Problem 2 are dealing with sufficient enlargements rather than
with relative sufficient enlargements, and it does not seem that any functionals except
the diameter and the volume were ever considered. We present results on sufficient
enlargements of the minimum diameter and the minimum volume in Sections 4 and 5,
respectively.

4. Sufficient enlargements of minimal diameter

By Proposition 1(c,d) the diameter of a minimal diameter sufficient enlargement
of BX is equal to 2λ(X), and the diameter of a minimal diameter relative sufficient
enlargement of BX in Y is equal to 2λ(X, Y ). The problem of evaluation or estimation
of projection constants has been systematically studied, mostly for absolute projection
constants, but there is also a substantial amount of results for relative projection con-
stants. A nice introduction into the basic techniques and results of topics related to
computation and estimation of projection constants is contained in [9]. Many other
results on projection constants are surveyed in [13, Section 6], [14, Section 4.b], [16,
pp. 1187–1191], [29], [33, Section 8], and [34, Section III.B]. More recent results on
projection constants can be found in [4] and [15], see also references therein.

It is worthwhile to mention, however, that it does not seem that there were any
attempts to describe sufficient enlargements of minimal diameter and relative sufficient
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enlargements of minimal diameter. It is not difficult to see that the set λ(X)BX is not
a minimal sufficient enlargement for many spaces X. In some cases there exist sufficient
enlargements of minimum diameter which have much smaller volume than λ(X)BX .
To present the corresponding results and observations we need some more definitions.

Recall, that the Minkowski sum of sets E and F in a linear space is defined as
E + F = {x + y : x ∈ E, y ∈ F}. A Minkowski sum of finitely many line segments in
a linear space is called a zonotope. We consider zonotopes which are symmetric with
respect to 0, such zonotopes can be represented as sums of line segments of the form
[−x, x]. Limits of zonotopes with respect to the Hausdorff metric are called zonoids.
See [31, Section 3.5] for basic facts on zonotopes and zonoids.

Proposition 4. Each sufficient enlargement A of BX contains a sufficient enlargement
of BX which is a zonoid.

Proof. By Proposition 1(a) we can embed X isometrically into `∞. By the definition
of a sufficient enlargement, there is a projection P : `∞ → X such that P (B∞) ⊂ A.
Proposition 1(b) implies that cl(P (B∞)) is a sufficient enlargement. On the other
hand, it is well known (and easy to check) that this set is a zonoid. �

Remark. The statement of Proposition 4 is no longer true for relative sufficient en-
largements. The simplest example is: consider any finite dimensional Banach space X
whose unit ball is not a zonoid, and let Y be any Banach space containing X in such
a way that λ(X, Y ) = 1.

K. Ball [1] found a class of finite dimensional Banach spaces having large zonoid
ratio, that is, large

inf
Z

(
vol(BX)
vol(Z)

) 1
d

,

where d is the dimension and the infimum is over all zonoids contained in BX . Com-
bining this result with Proposition 4 we get that spaces with large zonoid ratio have
sufficient enlargements of minimum diameter whose volume is much smaller than the
volume of λ(X)BX .

On the other hand, there exist spaces for which λ(X)BX is a minimal sufficient
enlargement of BX . A trivial example of this type is `n

∞. Much more interesting
example is `n

2 . The fact that λ(`n
2 )Bn

2 is a minimal sufficient enlargement follows from
the results of [20, Section 3]. Another result of [20, Theorem 5] implies than λ(X)BX

is a minimal sufficient enlargement of BX for X = (`n
2 ⊕ `n

2 ⊕ · · · ⊕ `n
2 )∞.

The observation above implies that λ(X)BX cannot be a minimal sufficient enlarge-
ment of BX if BX is not a zonoid. In this connection it is worthwhile to recall that Bn

p

is a zonoid if and only if at least one of the following is true: n ≤ 2, or 2 ≤ p ≤ ∞; see
L. Dor [5], where the result that Bn

p is not a zonoid for n ≥ 3, 1 ≤ p < 2 is proved in
its dual form.
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Problem 4. Characterize finite dimensional Banach spaces X for which λ(X)BX is
a minimal sufficient enlargement of BX . Characterize minimal sufficient enlargements
contained in λ(X)BX for other spaces X.

One of the difficulties with Problem 1 follows from the next observation (which goes
back to [20, Remark 2, pp. 317–318]).

Proposition 5. Let A ∈ SE(X, Y ) and f0 ∈ SX∗. Then there exists Ã ∈ SE(X, Y )
such that |f0(x)| ≤ 1 for each x ∈ Ã and Ã ⊂ 5A.

Proof. Let L ⊂ X = ker f0 and let PL : X → L be a projection onto L satisfying
||PL||A ≤ 2, where by || · ||A we mean the operator norm of PL considered as an
operator from XA into XA (XA was defined in Proposition 2). Such projection exists
since L is of codimension 1 in X. Let x0 ∈ X be such that PL(x0) = 0 and f0(x0) = 1.

Since A ∈ SE(X, Y ), there is a projection P : Y → X such that P (BY ) ⊂ A.
Let g0 ∈ SY ∗ be a norm-preserving extension of f0 to Y . We introduce an operator
Q : Y → X by Q(y) = PL(P (y)) + g0(y)x0. It is easy to verify that Q is a projection
onto X, and that Q(BY ) ⊂ PL(A) + [−x0, x0] (the Minkowski sum of a set and an
interval). Therefore the set Ã := PL(A) + [−x0, x0] is in SE(X, Y ). It is clear that
|f0(x)| ≤ 1 for each x ∈ Ã.

On the other hand, since the operator x 7→ PL(x) + f0(x)x0 is the identity on X,
it follows that x 7→ f0(x)x0, as an operator from XA to XA has norm ≤ 3. Therefore
PL(A) + [−x0, x0] ⊂ 2A + 3A = 5A. �

As we saw in the examples preceding Problem 4 the condition A ⊂ λ(X, Y )BX

sometimes determines the set A completely and hence, determines the sets D(A,ω)
for all ω ≥ 1. Proposition 5 shows that for non-trivially large values of C any partial
answer to the following open ended problem in terms of D(A,ω) can be only in terms
of “massiveness” of the set, because for each C ≥ 5, ω > 1, and x∗ ∈ SX∗ there is
A ∈ SE(X, Y ) such that A ⊂ C · λ(X, Y )BX and x∗ ∈ D(A,ω).

Problem 5. Let 1 < C < ∞ be fixed, X be a finite dimensional Banach space, and Y
be a Banach space Y containing X as a subspace. Characterize those A ∈ SE(X, Y )
which satisfy A ⊂ C · λ(X, Y )BX .

5. Minimal volume sufficient enlargements

Let X be a finite dimensional Banach space. We denote the set of all minimal
volume sufficient enlargements of BX by MVSE(X). The following result is implicitly
contained in [7, Theorem 6].

Theorem 2. MVSE(X) contains a parallelepiped for every X.

Remark. Theorem 2 implies that the volume of a minimal-volume sufficient enlarge-
ment of BX coincides with the volume of a minimal volume parallelepiped containing
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BX . See [30] for information on minimal volume parallelepipeds containing a given
convex body.

Sets belonging to MVSE(X) for some finite dimensional Banach space X can be
completely characterized. This was done in three steps in [22, 23, 26, 28].

Recall that a real matrix A with entries 0, 1, and −1 is called totally unimodular if
determinants of all square submatrices of A are equal to 0, 1, or −1. Totally unimodular
matrices are very important in integer programming, for this reason there exists an
extensive literature on them, see [32, Chapters 19–21].

For a d×k totally unimodular matrix with columns τi (i = 1, . . . , k) and real numbers
ai we consider the zonotope Z in Rd given as

Z =
k∑

i=1

[−aiτi, aiτi].

The set of all zonotopes that are linearly equivalent to zonotopes obtained in this way
over all possible choices of k, of a rank d totally unimodular d×k matrix, and of positive
numbers ai (i = 1, . . . , k) will be denoted by Td. Observe that each element of Td is
d-dimensional in the sense that it spans a d-dimensional subspace and has a nonempty
interior in it. It is easy to describe all 2 × k totally unimodular matrices and to show
that T2 is the union of the set of all symmetric with respect to 0 hexagons and the set
of all symmetric with respect to 0 parallelograms.

The class Td was introduced and studied by P. McMullen (1975) in the context of
tilings of Rd. Recall that a compact set Z ⊂ Rd with non-empty interior is called a tile
if there exists a subset T ⊂ Rd such that Rd = ∪t∈T (t + Z) and the interiors of t1 + Z
and t2 + Z are disjoint when t1 6= t2, t1, t2 ∈ T . See [35, Chapter 3] for an interesting
introduction to the theory of tiles.

Theorem 3 (P. McMullen [17], R. Erdahl [6]). A d-dimensional zonotope is a tile if
and only if it is in Td.

A finite dimensional Banach space is called polyhedral if its unit ball is a polytope.

Theorem 4 ([22]). Let Z be a bounded, closed, 0-symmetric, convex set in Rd. Then
Z ∈ MVSE(X) for some polyhedral d-dimensional Banach space X if and only if Z ∈
Td.

The characterization of MVSE was completed by the following theorem

Theorem 5. The inclusion MVSE(X) ⊂ Td holds for each d-dimensional Banach space
X.

Proof of this theorem is based on a rather complicated approximation argument.
It was done for d = 2 in [23], and for general d in [26, 28]. It was also shown [23,
28], that for ‘most’ finite dimensional Banach spaces X the set MVSE(X) consists of
parallelepipeds only.
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Theorem 6 ([28]). If MVSE(X) contains a set which is not a parallelepiped, then X
contains a two-dimensional subspace whose unit ball is linearly equivalent to a regular
hexagon.

Corollary 2 ([23]). The space whose unit ball is linearly equivalent to a regular hexagon
is the only two-dimensional space having MVSE which are not parallelograms.

Problem 6. Find a necessary and sufficient condition under which a d-dimensional
Banach space, d ≥ 3, has an MVSE which is not a parallelepiped.

6. Spaces corresponding to minimal volume sufficient enlargements and
Sobolev spaces on graphs

The characterization of MVSE presented in Section 5 makes it interesting to study
Banach spaces whose unit balls are in Td. No general results on such spaces seem to
be known. Much more information is available about the subclass corresponding to
incidence matrices of directed graphs (see [32, p. 13]). In the present context we can
introduce the matrices in the following way:

For a connected graph G, we introduce a matrix TG whose columns are indexed by
edges of G and whose rows are indexed by vertices of G. Entries of TG are described
in the following way: each column contains exactly two non-zero entries, one of them
is 1 and the other is −1. The non-zero entries of the column corresponding to an edge
e are in the rows corresponding to end vertices of e. Observe that TG is not uniquely
determined by G, there is some freedom in placing 1 and −1, but for our purposes in
does not matter which of the matrices satisfying the conditions above is selected. It is
an observation of H. Poincaré (see [32, pp. 274 and 378]) that each such matrix is totally
unimodular. Hence the zonotope Z spanned by its columns in the way mentioned in the
definition of Td is in Td, where d is the rank of the matrix. A straightforward verification
shows that the dual space of the finite dimensional Banach space corresponding to Z
can be described as the Sobolev space on G, defined in the following way.

Definition 4. Let f be a real-valued function on the set V of vertices of a finite graph
G. The discrete Sobolev semi-norm of f is defined by

||f || :=
∑
u∼v

|f(u)− f(v)|,

where u ∼ v means that u and v are adjacent in G. If G is connected, then the discrete
Sobolev semi-norm is a norm on the space of all functions on V with zero average. The
obtained normed space is called the Sobolev space on G and is denoted S(G).

Sobolev spaces on graphs. Some results and references

(1) d(S(Zn × Zn), `n2−1
1 ) ≥ C

√
lnn for some absolute constant C > 0, where d is

the Banach–Mazur distance, and Zn × Zn is a two-dimensional discrete torus
[21]. This result is a discrete analogue of a result of S.V. Kislyakov [12].
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(2) For each graph G with |VG| = n there is a 2-complemented, 2-isomorphic to
`
dn

2
e

1 subspace L in S(G) [24, Section 3.5.3].
(3) Isometries on Sobolev spaces on graphs were described in [25].
(4) Some interesting observations and remarks on Sobolev spaces on graphs are

contained in [18, pp. 819–820].
(5) We refer to [24] for more information on Sobolev spaces on graphs, their appli-

cations, and for a list of open problems on Sobolev spaces on graphs.
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