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Let X be a Banach space, L(X) the space of all bounded linear operators on X.
We say that A ∈ L(X) attains its norm if there exists x ∈ X such that ||x|| = 1 and
||Ax|| = ||A||. The following problem sounds as a classical one. Nevertheless, to the best
of my knowledge, it is still open.

Problem. Does there exist an infinite dimensional Banach space X such that each
A ∈ L(X) attains its norm?

Related results and observations:

(1) R. C. James’s characterization of reflexivity implies that if X is such that each A ∈
L(X) attains its norm, then X and L(X) are reflexive spaces. (To show that L(X) is
reflexive, we use the identification L(X) = (X⊗̂πX∗)∗. Recall that this identification is
valid for any reflexive X without any approximation property assumptions.)

(2) J. R. Holub [2] proved that if X has the approximation property, then the reflexivity
of L(X) implies that X is finite dimensional.

(3) N. J. Kalton [3, Theorem 2] proved that L(X) cannot be reflexive for nonseparable
X.

(4) Hence the only possible candidates for X in the problem are separable reflexive
spaces without 1-complemented infinite-dimensional subspaces having the approximation
property.

(5) Some related results and observations can be found in [1] (see p. 693), [4], and [5].
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