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The purpose of this paper is to prove that locally finite metric spaces are coarsely
embeddable into Banach spaces with no cotype.

Definition 1 Let A and B be metric spaces. A mapping f : A → B is called a coarse
embedding (or a uniform embedding) if there exist functions ρ1, ρ2 : [0,∞) → [0,∞) such
that
1. ∀x, y ∈ A ρ1(dA(x, y)) ≤ dB(f(x), f(y)) ≤ ρ2(dA(x, y)).
2. limr→∞ ρ1(r) = ∞.

M. Gromov [7] suggested to use coarse embeddings into a Hilbert space or into a
uniformly convex space as a tool for solving some of the well-known problems. G. Yu [21]
and G. Kasparov and G. Yu [11] have shown that this is indeed a very powerful tool.

On the other hand, there exist separable metric spaces ([6] and [5, Section 6]) which are
not coarsely embeddable into Hilbert spaces. In [9] (see, also, [8] and [20]) it was shown
that such spaces exist even among Cayley graphs of finitely presented groups. Non-
embeddability results in the Banach space theory setting were obtained in [10], [19], and
[15]. In [10] it was shown that `p (p > 2) in not coarsely embeddable into `2, in [19] this
result was strengthened to a characterization of quasi-Banach spaces which are coarsely
embeddable into a Hilbert space. In [15] it was shown that cotype is an obstruction for
coarse embeddability of Banach spaces. See [14], [18] and [17] for more non-embeddability
results.

Going in another direction, one can try to find spaces, maybe not as good as uniformly
convex spaces, such that every finitely presented group, or, more generally, every metric
space with bounded geometry is coarsely embeddable into it. (Recall that a metric space
A is said to have a bounded geometry if for each r > 0 there exist a positive integer M(r)
such that each ball in A of radius r contains at most M(r) elements.) Each separable
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metric space is Lipschitz embeddable into c0 ([1], see, also, [2] and [3, Chapter 7]). It is
known (see [3, p. 184]) that in this theorem c0 cannot be replaced by a reflexive Banach
space. This can be done ([4]) for coarse embeddings and metric spaces with bounded
geometry. More precisely (our notation follows [12]):

Theorem 1 (N. Brown–E. Guentner [4]) Each space with the bounded geometry can
be coarsely embedded into a sum of the form (

∑∞
n=1⊕`pn)2 with pn →∞.

Let us recall that a Banach space X is said to be of cotype q for some 2 ≤ q < ∞ if
there exists a constant C < ∞ so that for every finite set of vectors {xi}n

i=1, we have

C

∫ 1

0

∥∥∥∥∥
n∑

i=1

ri(t)xi

∥∥∥∥∥ dt ≥

(
n∑

i=1

||xi||q
) 1

q

, (1)

where {ri}∞i=1 denotes the sequence of the Rademacher functions. See [13] and [16] for
accounts on results about cotype. For our purposes we need only the result that a Banach
space X does not have any cotype q ∈ [2,∞) if and only if it contains, for each ε > 0
and n ∈ N, a subspace Xn satisfying d(Xn, `

n
∞) < 1 + ε, where d is the Banach-Mazur

distance (see [16, Section 13]).

It is easy to see that the space from Theorem 1 has no cotype. Recall that a metric
space is called locally finite if all balls in it have finitely many elements. The following
result is a strengthening of Theorem 1 in two directions (we require less both from A and
from X).

Theorem 2 Let (A, d) be a locally finite metric space and let X be a Banach space with
no cotype. Then there exists a coarse embedding f : A → X.

Proof. Using the mentioned above characterization of spaces with no cotype, and the
standard techniques of constructing basic sequences (see [12, p. 4]), it is easy to prove that
for an arbitrary sequence {ni}∞i=1 of positive integers the space X contains a subspace iso-

morphic to Y =
∞∑
i=1

⊕`ni
∞. This notation means that Y has a finite dimensional Schauder

decomposition {Yi}∞i=1 with Yi isometric to `ni
∞ (see [12, Section 1.g] for information on

Schauder decompositions), and

||yi|| ≤

∥∥∥∥∥
∞∑
i=1

yi

∥∥∥∥∥ when yi ∈ Yi ∀i ∈ N. (2)

To prove the theorem it is enough to find a coarse embedding f : A → Y . Choose a
point a0 ∈ A and consider a two-parametric set of annuli

A(m, k) := {a : m2k ≤ d(a0, a) < (m + 1)2k}; m = 0, 1, . . . ; k ∈ N.

For each triple (a, m, k), where a ∈ A(m, k) we introduce a real-valued function fa,m,k :
A → R by fa,m,k(x) = (3

4
)k max{2k − d(a, x), 0}.
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Let n be the cardinality of A(m, k). We use the set of all functions defined above for
a fixed pair (m, k) to introduce a map ϕm,k : A → `n

∞ by

ϕm,k(x) = {fa,m,k(x)}a∈A(m,k).

Let {ni}∞i=1 be the set of all cardinalities of sets A(m, k) (the sequence contains some
numbers repeatedly if some of the cardinalities are equal). We fix a bijective correspon-
dence between the set {ni}∞i=1 and the set of pairs (m, k).

Let us show that f : A →

(
∞∑
i=1

⊕`ni
∞

)
given by

f(x) = {ϕm,k(x)− ϕm,k(a0)}{(m,k): m=0,1,...; k∈N}

is well-defined and is a coarse embedding.
To see this observe that for each a ∈ A the function max{2k−d(a, x), 0} is 1-Lipschitz,

hence

|fa,m,k(x)− fa,m,k(a0)| ≤
(

3

4

)k

d(x, a0)

and

||ϕm,k(x)− ϕm,k(a0)|| ≤
(

3

4

)k

d(x, a0). (3)

The vector ϕm,k(x)− ϕm,k(a0) is non-zero only if at least one of the vectors ϕm,k(x) and
ϕm,k(a0) is non-zero. This can happen only if x or a0 are in one of the sets: A(m −
1, k), A(m, k), A(m + 1, k). Hence, for fixed x and fixed k ∈ N, the vector ϕm,k(x) −
ϕm,k(a0) can be non-zero for at most 6 numbers m ∈ N. Together with the condition (3)
this implies that f(x) ∈ Y .

The estimate for ||f(x) − f(y)|| from above can be obtained using similar argument
with y instead of a0. We get

||f(x)− f(y)|| ≤
∞∑

k=1

6

(
3

4

)k

d(x, y) ≤ 18d(x, y).

Hence the estimate from above in Definition 1 holds with ρ2(r) = 18r.

To estimate ||f(x)− f(y)|| from below, by the condition (2) and the definition of f , it
is enough to find a triple (a, m, k) such that there is a suitable estimate for |fa,m,k(x) −
fa,m,k(y)| from below.

Let k be such that 2k−1 < d(x, y) ≤ 2k. Let m be such that x ∈ A(m, k). Then

|fx,m,k(x)− fx,m,k(y)| =

∣∣∣∣∣
(

3

4

)k

max{2k − d(x, x), 0} −
(

3

4

)k

max{2k − d(x, y), 0}

∣∣∣∣∣ =

(
3

4

)k

d(x, y) >
1

2

(
3

2

)k

≥ 1

2
d(x, y)log2(3/2).

Hence the estimate from below in Definition 1 holds with ρ1(r) = 1
2
rlog2(3/2).
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