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Definition 1 Let A and B be metric spaces. A mapping f : A → B is called a coarse
embedding (or a uniform embedding) if there exist functions ρ1, ρ2 : [0,∞) → [0,∞) such
that
1. ∀x, y ∈ A ρ1(dA(x, y)) ≤ dB(f(x), f(y)) ≤ ρ2(dA(x, y)).
2. limr→∞ ρ1(r) = ∞.

M. Gromov [8] suggested to use uniform embeddings into a Hilbert space or into a
uniformly convex space as a tool for solving some of the well-known problems. G. Yu [20]
and G. Kasparov and G. Yu [10] have shown that this is indeed a very powerful tool. G. Yu
in [20] used the condition of embeddability into a Hilbert space; G. Kasparov and G. Yu
[10] used the condition of embeddability into a general uniformly convex space. These
results made it interesting to compare coarse embeddability into a Hilbert space with the
coarse embeddability into other Banach spaces. Results of this type were obtained in the
papers [9], [14], [15], [17], and [19], where coarse embeddability of Banach spaces into
each other was studied. In [9] it was shown that `p (p > 2) in not coarsely embeddable
into `2, in [19] this result was strengthened to a characterization of quasi-Banach spaces
which are coarsely embeddable into a Hilbert space. In [15] it was shown that cotype is
an obstruction for coarse embeddability of Banach spaces. In [14, Remark 5.10] it was
proved that Lq embeds coarsely into Lp for (1 ≤ q < p ≤ ∞). In [17] it was shown that
`2 embeds coarsely into `p for each 1 ≤ p ≤ ∞.

Because `2 is, in many respects, the ‘best’ space, and because of the Dvoretzky’s
theorem (see [6] and [16]) it is natural to expect that `2 is among the most difficult
spaces to embed into. We prove this for coarse embeddings of locally finite metric spaces
(Theorem 1). (It is worth mentioning that the applications intended in [8] deal with even
more narrow class of spaces with bounded geometry.) It is natural to try to strengthen
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Theorem 1 by proving that `2 embeds coarsely into an arbitrary infinite dimensional
Banach space. We prove only that `2 embeds coarsely into a Banach space containing a
subspace with an unconditional basis which does not contain `n

∞ uniformly (Theorem 2).
This result is a generalization of the P.W. Nowak’s result mentioned above because the
spaces `p (1 ≤ p < ∞) satisfy the condition of Theorem 2, but the spaces satisfying the
condition of Theorem 2 do not necessarily contain subspaces isomorphic to `p (see [7],
and [12, Section 2.e]). The method used to prove Theorem 1 can be used to strengthen a
recent result due to N. Brown and E. Guentner [4, Theorem 1], see Corollary 1 and the
remark after it.

Recall that a metric space is called locally finite if all balls in it have finitely many
elements. By a locally finite subset of a Banach space we mean a subset which is a locally
finite metric space under the metric induced from the Banach space.

Theorem 1 Let (A, d) be a locally finite metric space which embeds coarsely into a Hilbert
space, and let X be an infinite dimensional Banach space. Then there exists a coarse
embedding f : A → X.

We prove the main step in our argument (Proposition 1) in a somewhat more general
context than is needed for Theorem 1, because we are going to apply it in some other
situations (see Corollaries 1 and 2 below).

Proposition 1 Let (A, d) be a locally finite subset of a Banach space Z. Then there exists
a sequence of finite dimensional linear subspaces Zi (i ∈ N) of Z such that A embeds
coarsely into each Banach space Y having a finite dimensional Schauder decomposition
{Yi}∞i=1 with Yi isometric to Zi.

See [12, Section 1.g] for information on Schauder decompositions. It is clear that we
may restrict ourselves to the case when the Schauder decomposition satisfies

||yi|| ≤
∥∥∥∥∥
∞∑
i=1

yi

∥∥∥∥∥ when yi ∈ Yi ∀i ∈ N. (1)

Lemma 1 Under the assumption of Proposition 1 there exists a two-parametric set of
annuli

A(m, k) := {a ∈ A : rm,k ≤ ||a|| ≤ rm+1,k}; m, k ∈ N,

such that the following conditions are satisfied.

(1) r1,k = r2,k = 0, rm,k ≤ rm+1,k ∀m, k ∈ N.

(2) If x, y are such that ||x− y|| ≤ 2k, then there exists m ∈ N such that x, y ∈ A(m +
1, k) ∪ A(m + 2, k).

(3) Denote by Zm,k the subspace of Z, spanned by {a ∈ A : ||a|| ≤ rm+4,k}. Since A is
locally finite, this subspace is finite dimensional. There exists a 4-Lipschitz function
fm,k : A → Zm,k such that
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(a) The restriction fm,k|A(m+1,k)∪A(m+2,k) is the identity mapping.

(b) fm,k maps the sets {a ∈ A, ||a|| ≥ rm+4,k} and {a ∈ A, ||a|| ≤ rm,k} onto 0 ∈ Z.

(c) ||fm,k(x)|| ≤ ||x|| ∀x ∈ A.

Proof of Lemma 1. We define rm,k in such a way that the following conditions are
satisfied (it is clearly possible):

(i) r1,k = r2,k = 0.

(ii) rm+1,k − rm,k ≥ 2k for m ≥ 2.

(iii) rm+1,k − rm,k ≥ 1
2
rm+1,k (or rm+1,k ≥ 2rm,k).

The condition (1) of Lemma 1 follows from (i) and (ii). It is clear that the condition
(ii) implies the condition (2) of Lemma 1.

We define fm,k not only on A, but also on Zm,k, and for all x ∈ Z satisfying ||x|| ≥
rm+4,k, as follows:

fm,k(x) =





x if rm+1,k ≤ ||x|| ≤ rm+3,k and x ∈ Zm,k.

x ·max{0, 2− rm+1,k

||x|| } if ||x|| ≤ rm+1,k and x ∈ Zm,k.

x ·max{0, 2 rm+3,k

||x|| − 1} if ||x|| ≥ rm+3,k and x ∈ Zm,k.

0 if ||x|| ≥ rm+4,k, x ∈ Z.

It is clear that fm,k defined in this way satisfies the conditions (a), (b), and (c) of
Lemma 1, and that its image is in Zm,k. It remains to show that fm,k is 4-Lipschitz.

Observe that the definition of fm,k is such that fm,k(αy) is defined for each α > 1 and
each y ∈ A. It is easy to check that ||fm,k(x)−fm,k(y)|| ≤ 2||x− y|| for y ∈ A and x = αy
with α > 1. It is also easy to check that ||fm,k(x)− fm,k(y)|| ≤ ||x− y|| if fm,k(x), fm,k(y)
are defined and ||x|| = ||y||. The fact that fm,k is 4-Lipschitz can be derived from these
inequalities as follows.

Let x, y ∈ A, ||x|| ≥ ||y||, y 6= 0. Let ỹ = y · ||x||||y|| . Then ||ỹ|| = ||x||, ||ỹ − y|| =

||y||| ||x||||y|| − 1| = ||x|| − ||y||, and ||ỹ − x|| ≤ ||ỹ − y|| + ||y − x|| ≤ 2||x − y||. By the

observations above fm,k(ỹ) is defined, and we get

||fm,k(x)− fm,k(y)|| ≤ ||fm,k(x)− fm,k(ỹ)||+ ||fm,k(ỹ)− fm,k(y)|| ≤
||x− ỹ||+ 2||ỹ − y|| ≤ 4||x− y||.

Proof of Proposition 1. Enumerate the spaces {Zm,k}∞m,k=1 into a sequence {Zi}∞i=1

(in an arbitrary way). Let Y be a Banach space satisfying the condition of Proposition 1.
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We show that f : A → Y given by

f(x) =

{(
3

4

)k

fm,k(x)

}

{(m,k): m,k∈N}

is well-defined and is a coarse embedding. Observe that the condition (b) of Lemma 1
implies that, for fixed k and x ∈ A, the vector fm,k(x) is non-zero for at most 4 values of
m. Also ||fm,k(x)|| ≤ ||x|| (condition (c)). Hence

∑

m,k∈N

∥∥∥∥∥
(

3

4

)k

fm,k(x)

∥∥∥∥∥ ≤ 12||x||,

the series
∑

m,k∈N(3
4
)kfm,k(x) is absolutely convergent, and the mapping f is well-defined.

It remains to find functions ρ1 and ρ2 such that the conditions of Definition 1 are
satisfied.

We start by estimating ||f(x)− f(y)|| from above. We have

f(x)− f(y) =
∑

m,k∈N

(
3

4

)k

(fm,k(x)− fm,k(y)).

Since fm,k is 4-Lipschitz and, for fixed k, the vector fm,k(x) − fm,k(y) is non-zero for
at most 8 values of m (we use the observation above), we get

||f(x)− f(y)|| ≤
∞∑

k=1

8

(
3

4

)k

4||x− y|| = 96||x− y||,

Hence the estimate from above in Definition 1 holds with ρ2(r) = 96r.

To estimate ||f(x)−f(y)|| from below, by the condition (1) and the definition of f , it is
enough to find a pair (m, k) such that there is a suitable estimate for ||fm,k(x)− fm,k(y)||
from below.

Let k be such that 2k−1 < ||x−y|| ≤ 2k. Then, by the conditions 2 and 3(a) of Lemma
1 there exists m such that ||fm,k(x)− fm,k(y)|| = ||x− y||. Using (1) we get

||f(x)− f(y)|| ≥
(

3

4

)k

||fm,k(x)− fm,k(y)|| =
(

3

4

)k

||x− y|| >

1

2

(
3

2

)k

≥ 1

2
||x− y||log2(3/2).

Hence the estimate from below in Definition 1 holds with ρ1(r) = 1
2
rlog2(3/2).

Proof of Theorem 1. Since the composition of coarse embeddings is a coarse em-
bedding, and the image of a locally finite space under a coarse embedding is a locally
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finite subset, we may and shall assume that A is a locally finite subset of `2. Each finite
dimensional subspace of `2 is isometric to `k

2 for some k ∈ N. By Proposition 1 there
exists a sequence {ni}∞i=1 such that A embeds coarsely into each Banach space Y having
a Schauder decomposition {Yi} with Yi isometric to `ni

2 . On the other hand, using the
Dvoretzky’s theorem ([6], see, also, [16, Section 5.8]) and the standard techniques of con-
structing basic sequences (see [12, p. 4]), it is easy to prove that for an arbitrary sequence
{ni}∞i=1 an arbitrary infinite dimensional Banach space X contains a subspace isomorphic
to a space having such Schauder decomposition.

Corollary 1 If X is a Banach space with no cotype, then each locally finite metric space
embeds coarsely into X.

Remark. Recall that a Banach space X is said to be of cotype q for some 2 ≤ q < ∞ if
there exists a constant C < ∞ so that for every finite set of vectors {xi}n

i=1, we have

C

∫ 1

0

∥∥∥∥∥
n∑

i=1

ri(t)xi

∥∥∥∥∥ dt ≥
(

n∑
i=1

||xi||q
) 1

q

, (2)

where {ri}∞i=1 denotes the sequence of the Rademacher functions. We say that a Banach
space X has no cotype if it is not of cotype q for any 2 ≤ q < ∞. See [13] and [16] for
accounts on results about cotype. Banach spaces with no cotype can be characterized as
spaces containing `n

∞ uniformly (see [3, p. 444] and [16, Section 13]).

A metric space A is said to have a bounded geometry if for each r > 0 there exist
a positive integer M(r) such that each ball in A of radius r contains at most M(r)
elements. N. Brown and E. Guentner [4, Theorem 1] proved that for each metric space A
with bounded geometry there is a sequence {pn}, pn > 1, limn→∞ pn = ∞ such that A
embeds coarsely into (

∑∞
n=1⊕`pn)2. Since each space with bounded geometry is locally

finite and, as is easy to check, the spaces (
∑∞

n=1⊕`pn)2 have no cotype if limn→∞ pn = ∞,
Corollary 1 is a strengthening of the Brown-Guentner result.

Proof of Corollary 1. Let A be a locally finite metric space. I. Aharoni [1]
proved that each separable metric space, and, hence, A bi-Lipschitzly (hence coarsely)
embeds into c0 (see, also, [2] and [3, Theorem 7.11]). Hence there exists a sequence
{Zi} of subspaces of c0 such that A embeds coarsely into each Banach space Y having
a Schauder decomposition {Yi} with Yi isometric to Zi. It is well-known that, without
loss of generality, the subspaces Zi can be selected to be ε-isometric to `ni∞. On the other
hand, using the mentioned in the comment above characterization of Banach spaces with
no cotype (see [3, p. 444]) and the standard techniques of constructing basic sequences (see
[12, p. 4]), it is easy to prove that for an arbitrary sequence {ni}∞i=1 a Banach space X with
no cotype contains a subspace isomorphic to a space having a Schauder decomposition
{Yi} with Yi isometric to `ni∞.
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Corollary 2 If a locally finite metric space embeds coarsely into Lp(0, 1), then it embeds
coarsely into `p.

Proof of Corollary 2. Let A be a locally finite subset of Lp(0, 1). By Proposition
1 there exists a sequence {Zi} of subspaces of Lp(0, 1) such that A embeds coarsely into
each Banach space Y having a Schauder decomposition {Yi} with Yi isometric to Zi. It is
well-known (and is easy to show) that for each such sequence {Zi}, the space (

∑∞
i=1 Zi)p

is isomorphic to a subspace of `p (we use the standard notation of Banach space theory,
see [12, pp. xi–xiii]). Hence A embeds coarsely into `p.

Theorem 2 Let X be a Banach space containing a subspace with an unconditional basis
which does not contain `n

∞ uniformly. Then `2 embeds coarsely into X.

Proof. We use the criterion for coarse embeddability into a Hilbert space due to
M. Dadarlat and E. Guentner [5, Proposition 2.1] (see [11] and [17] for related results).
We state it as a lemma (by S(X) we denote the unit sphere of a Banach space X).

Lemma 2 ([5]) A metric space A admits a coarse embedding into `2 if and only if for
every ε > 0 and every R > 0 there exists a map ζ : A → S(`2) such that

(i) dA(x, y) ≤ R implies ||ζ(x)− ζ(y)|| ≤ ε.

(ii) limS→∞ inf{||ζ(x)− ζ(y)|| : x, y ∈ A, dA(x, y) ≥ S} =
√

2.

We assume without loss of generality that X has an unconditional basis {ei}i∈N.
Let N = ∪∞i=1Ni be a partition of N into infinitely many infinite subsets. Let Xi =
cl(span{ei}i∈Ni

). By the theorem of E. Odell and T. Schlumprecht [18] (see, also, [3,
Theorem 9.4]), for each i ∈ N there exists a uniform homeomorphism ϕi : S(`2) → S(Xi).
We apply Lemma 2 in the case when A = `2. By the uniform continuity of ϕi and ϕ−1

i

we get: for each i ∈ N there exists δi > 0 and a map ζi : `2 → S(Xi) such that

||x− y||`2 ≤ i implies ||ζi(x)− ζi(y)||Xi
≤ δi

i2i
. (3)

lim
S→∞

inf{||ζi(x)− ζi(y)||Xi
: ||x− y||`2 ≥ S} = δi. (4)

Let f : `2 → X be the map defined as a direct sum of the maps i
δi

ζi. We claim that it

is a coarse embedding (the fact that it is a well-defined map follows by letting y = 0 in
the argument below).

Let ||x−y|| = r, then for i ≥ r we get || i
δi

ζi(x)− i
δi

ζi(y)||Xi
≤ 1

2i . Hence ||f(x)−f(y)|| ≤∑dre−1
i=1

2i
δi

+
∑∞

i=dre
1
2i =: ρ2(r). We proved an estimate from above.

To prove an estimate from below, it is enough, for a given h ∈ R, to find S ∈ R such
that ||x−y||`2 ≥ S implies ||f(x)−f(y)||X ≥ h. For this, by unconditionality (we assume,
for simplicity, that the basis of X is 1-unconditional), it is enough to find i ∈ N such
that ||x− y||`2 ≥ S implies || i

δi
ζi(x)− i

δi
ζi(y)||Xi

≥ h. We choose an arbitrary i > h. The

conclusion follows from the condition (4).
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